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Tnis r e p o r t  con ta ins  an expanded and improved vers ion  of 
our  s t a t i s t i c a l  theory of i n t e r f a c i a l  thermal conduct iv i ty  
and s e v e r a l  a p p l i c a t i o n s  of t h i s  theory,  inc luding  -___I_ numerical 
t a b l e s  (use r s  tables) p red ic t ing  the values  and f l u c t u a t i o n s  
of the  h e a t  flow f o r  var ious  su r face  p r o f i l e s .  
The main progress  which has been achievqd t h i s  year  i s  a 
comparison of our  theory w i t h  t h e  experimental  data,  T h i s  
comparison (chapters  14-2) shows t h a t  the  theory tends t o  ~ v e r -  
p r e d i c t  the  value of t h e  i n t e r f a c i a l  conduct iv i ty  by about a 
f a c t o r  of 2, T h i s  i s  due t o  t h e  s i m p l i f i e d  assumptions made 
about $he su r face .  T h i s  def ic iency  of our  theory bas been 
cor rec ted ,  meanwhile, i n  t h e  r ecen t  experimental  work done by 
N e  Bhandari under t h e  guidance of N e  Veziroglu. T h e  experiment 
performed by Bhandari w a s  s p e c i f i c a l l y  designed t o  t es t  t h e  
p red ic t ions  of our  theory,  e s p e c i a l l y  as f a r  as the  f luc tua -  
t i o n s  of t he  heat flow are concerned. The ex i s t ence  of large 
f l u c t u a t i o n s  ( 5 0 %  r . m . s . )  of t h e  heat flow has  been the  main 
p red ic t ion  of our  theory.  T h i s  p red ic t ion  has been confirmed 
exac t ly  by Bhandari '  s experiment a This  sliows I t h a t  previous 
measurements of t h e  i n t e r f a c e  are completely un re l i ab le ,  s i n c e  
a remeasurement under apparent ly  i d e n t i c a l  condi t ions  qan lead 
t o  r e s u l t s  which d i f f e r  as much as 100% from those obtained 
the  f i r s t  t i m e .  
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Ehandari has also suggested var ious  improvements of our 
theory i n  o rde r  t o  achieve numerical agreement n o t  only of 
the  f l u c t u a t i o n s  b u t  a l s o  of the  heat f l u x  i t se l f  wi th  h i s  
measurevents. T h i s  changes the  p r e d i c t i o n s  of the theory  by 
a f a c t o r  2 ,  as mentioned above. Bhandari ' s  r e s u l t s  hqve been 
made a v a i l a b l e  t o  us ,  unfor tuna te ly ,  only i n  March 1970,  SO 
t h a t  t h e  changes suggested there could n o t  be incorporated 
f u l l y  i n t o  t h i s f i n a l  r e p o r t .  The use r s  t a b l e s  (chapter  2 )  
t h e r e f o r e  tend t o  ove rp red ic t  t h e  heat flow somewhat, Bhandari ' s  
r e s u l t s  show furthermore t h a t  the  experimental  measurements of 
t h e  s u r f a c e  qharacteristics which are necessary f o r  a suecess- 
f u l  p red ic t ion  of t h e  i n t e r f a c i a l  heat €3-ow i s  a very complex 
and t ed ious  t a s k ,  Surfaces  are very complex o b j e c t s ,  which can 
be cha rac t e r i zed  i n  a Parge number of ways, T h i s  impl ies  t h a t  
a determinat ion of t h e  i n t e r f a c e  r e s i s t a n c e  w i t h  t h e  h e l p  of 
su r face  parameter measurements 
- l i z e d  and complex task- With the  he lp  of r o u t i n e  measurements -- 
alone (e .g .  su r f ace  roughness) no success fu l  p r e d i c t i o n s  can 
be made, as has been anipEy demonstrated by the p a s t  h i s t o r y  of 
the theory of i n t e r f a c i a l  conduct iv i ty .  
There i s  one a d d i t i o n a l  d i f f i c u l t y :  A l l  experimental  
determinat ions of i n t e r f a c e  r e s i s t a n c e  are performed us ing  
cy l inde r s  of about equal  h e i g h t  and diameter as samples. I n  
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a c t u a l  a p p l i c a t i o n s  su r faces  are used, however, which are mostly 
of the  form of t h i n  p l a t e s .  These p l a t e s  have an e las t ic  be- 
haviour completely d i f f e r e n t  from cy l inde r s ;  by l a r g e  scale 
e las t ic  deformations some of the  e f f e c t s  of su r f ace  waviness 
can be  compensated, l ead ing  t o  an inc rease  i n  the  thermal con- 
ductance of the i n t e r f a c e .  A f i r s t  theory of such e f f e c t s  has 
been attempted and is  contained i n  chapter  3 ,  W e  cons ider  t h i s  
d i r e c t i o n  of  research t o  be the  m o s t  promising one as f a r  as 
p r a c t i c a l  a p p l i c a t i o n s  are concerned. 
Our work has shown t h a t  q u a n t i t a t i v e  p r e d i c t i o n s  Qf in t e r - -  
facial  thermal conduct iv i ty  are poss ib l e .  T h e  e f f o r t  which i s  
necessary f o r  a success fu l  p red ic t ion  i s ,  however, extremely 
high,  The  determinat ion of t h e  i n t e r f a c e  r e s i s t a n c e  f r o m  sur-  
face  parameters i s ,  therefore, n o t  very convenient as f a r  as 
pract ical  a p p l i c a t i o n s  are concerned, Only rough estimates of 
t h e  o rde r  of magnitude of t h e  heat flow are poss ib l e  wi th  t h e  
h e l p  of devices  which are usua l ly  a c c e s s i b l e  t o  an engineer  i n  
a s tandard  l abora to ry  o r  by using t h e  s tandard  d e s c r i p t i o n s  of 
t he  su r faces  of commercially a v a i l a b l e  products.  Even i f  a l l  
t h e  su r face  ana lyzers  which are needed f o r  q u a n t i t a t i v e  pre- 
d i c t i o n s  are a v a i l a b l e ,  t h e  su r face  measurements r equ i r ed  would 
be ted ious  and very t i m e  consuming, 
Therefore a d i f f e r e n t  approach t o  i n t e r f a c i a l  thermal 
conduet iv i tx  is  suggested: 
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A reliable device f o r  t h e  measurement of i n t e r f a c i a l  
thermal  conduct iv i ty  should be developed which can be operated 
under s tandard  engineer ing (and n o t  h ighly  s o p h i s t i c a t e d  Eabo- 
r a t o r y )  condi t ions .  Measurements o f  t h e  heat flow can then  be 
made using samples of t h e  su r face  one is  i n t e r e s t e d  i n  f o r  the  
a c t u g l  a p p l i c a t i o n ,  These measurements would t ake  only a f r ac -  
t i o n  of t h e  t i m e  necessary f o r  the  determinat ion of all t h e  
su r face  parame$ers neqded f o r  a reliable t h e o r e t i c a l  ca l cu la -  
t i o n  of t h e  h e a t  flow, 
The role of t h e  theory i s  then  restricted t o  t w o  very 
important t a s k s :  F i r s t l y ,  it has t o  p r e d i c t  t h e  h e a t  flow 
through the  l a r g e  s u r f a c e s  used i n  a c t u a l  a p p l i c a t i o n s  (becquse 
of  e l a s t i c  deformations it is  no t  perni iss ible  t o  mul t ip ly  w i t h  
t he  r a t i o  of  the  s u r f a c e s ,  see chapter  3 1 ,  Secondly, the  
f l u c t u a t i o n s  of t h e  heat flow through these  sp r faees  have t o  
be c a l c u l a t e d  and t h e  temperature variations i n  t h e  system due 
t o  these f l u c t u a t i o n s  have t o  be evaluaked, 
W e  recommend therefore t h a t  add i t ionq l  experimental  re- 
search i s  directed towards t h e  cQnst ruot ion  of the engineer ing 
device f o r  measuring i n t e r f a c i q l  thel;maP conduct iv i ty  mentioned 
gbove and t h a t ,  furthermore,  t h e  work started by Bhandari i s  
t o  be continued. Theore t i ca l  work should cancen t r a t e  t o  a l a r g e  
e x t e n t  on t h e  completely new t h e p r e t i c a l  development sketched 
i n  chapter  3 ,  dea l ing  with t h e  large interfgGe ewployed i n  
a c t u a l  a p p l i c a t i o n s .  
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W second pa r t  qf t h i s  report contains our  w o r k  on the  theory 
of c r y s t a l  growth under zero g r a v i t y  condit$ons.  T h i s  report 
conta ins  only  a survey of  t h e  l i t e r a t u r e ,  no t h e m y  e x i s t s  
y e t  of the  e f f e c t s  which are t o  be expected under these,can- 
d i t i o n s  
I. A STATISTICAL TI-IEQRY O F  INTERFACIAL THEFWAL CONDUCTIVITY 
1, In t roduct ion  
One of t h e  most complicated t a s k s  i n  any c a l c u l a t i o n  of 
t h e  i n t e r f a c i a l  thermal conduct iv i ty  ( I T C )  i s  t h e  d e s c r i p t i o n  
of a rough su r face .  Various s t a t i s t i c a l  11-31 and semiempirical  
I: 4 1  approaches have been proposed t o  desc r ibe  t h e  p r o p e r t i e s  
of  a s u r f a c e  and t h e  con tac t  between t w o  such su r faces ,  
I n  t h i s  r e p o r t  w e  s h a l l  f i r s t  i n v e s t i g a t e  a s p e c i a l  model 
of a su r face .  This  model can b e s t  be app l i ed  t o  m i l l e d  su r f aces ,  
s i n c e  t h e i r  c h a r a c t e r i s t i c s  resemble most c l o s e l y  t h e  assump- 
t i o n s  made h e r e ,  This r e s t r i c t i o n  t o  a s p e c i a l  class of sur -  
faces  enables  us  t o  f i n d  r a t h e r  e x p l i c i t  expressions f o r  the 
h e a t  flow, su r face  area i n  con tac t ,  e t c ,  Furthermore, i n e l a s t i c  
and e las t ic  con tac t s  can be taken i n t o  account simultaneously.  
Various o t h e r  g e n e r a l i z a t i o n s  of t h e  model, i . e .  inc lus ion  of 
void phase conductioni e f f e c t s  of su r f ace  f i lms ,  e tc ,  are d i s -  
cussed i n  chapter  10. 
A s l i g h t l y  more complicated t reatment  of t h e  con tac t  
between t w o  su r f aces  i s  contained i n  chapter  11, This  t r e a t -  
ment enables  one, however, t o  c a l c u l a t e  t h e  f l u c t u a t i o n s  of 
-1/2 
t h e  h e a t  flow, They t u r n  o u t  t o  be propor t iona l  t o  n P 
where n i s  t h e  number of con tac t  p o i n t s .  Since n i s  r a t h e r  
s m a l l  a t  l o w  p re s su res ,  l a r g e  f l u c t u a t i o n s  of  t h e  h e a t  flow 
r e s u l t  
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Cor re l a t ions  between the  he igh t s  o f  t h e  a s p e r i t i e s  are 
taken i n t o  account nex t ,  There a r e  t w o  types  of  such corre- 
l a t i o n s :  Systematic f e a t u r e s ,  l i k e  grooves8 etc ,  tend  Lo re- 
duce the  f l u c t u a t i o n s  of t h e  heat flow. I r r e g u l a r  c o r r e l a t i o n s ,  
caused by s u r f a c e  waviness g r e a t l y  inc rease  t h e  f l u c t u a t i o n s  
and are t h e  main source of experimental  "irreproducihilfties", 
2 .  T h e  Model 
The su r face  of t he  metal w i l l  be represented  by a series 
of e q u i d i s t a n t  s p h e r i c a l  a s p e r i t i e s  of vgrying he igh t ,  but. 
equa l  curva ture ,  Fig.  1 shows a cross s e c t i o n  through o u r  
su r face  model 
Each s p h e r i c a l  a s p e r i t y  is t hus  contained i n  a square 
of area B2, The d i s t r i b u t i o n  of t h e  he igh t s  of t h e  h i l l s  w i l l  
be descr ibed  i n  a s t a t i s t i c a l  sense  by a func t ion  p ( h )  such 
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= p r o b a b i l i t y  t h a t  an a s p e r i t y  has a he igh t  between h and 
h -f- dh, 
p has t o  be normalized such that, 
W e  s h a l l  always assume t h a t  t h e r e  i s  an upper l i m i t  t o  t h e  
he igh t  of t h e  h i l l s ,  i , e ,  p (h) -- 0 h > H e  
If w e  p lace  t w o  such su r faces  above one another  as sbown 
i n  Fig .  2 ,  they  w i l l  begin t o  touch as soon as t h e i r  d i s t ance  
of approach L reaches 2H. 
Fig.  2 
However,. only very few con tac t  p o i n t s  w i l l  touch i n  t h i s  
case. With r i s i n g  p res su re  L decreases  and t h e  number of 
con tac t  p o i n t s  i n c r e a s e s  accordingly,  A t  t h e  same t i m e  t h e  
con tac t  p o i n t s  w i l l  be deformed e l a s t i c a l l y  o r  i n e l a s t i c a l l y  
and I T C  sets i n ,  
An e s s e n t i a l  drawback of o u r  model i s ,  of course:, t h a t  
w e  assume t h e  a s p e r i t i e s  t o  be  d i s t r i b u t e d  r e g u l a r l y .  Further-  
more, w e  asgume t h a t  t h e  h i l l s  on t h e  two su r faces  oppose one 
another  e x a c t l y  and no con tac t s  such a s  t h e  one i n  Fig 3 are 
considered,  
F iq ,  3 
This l i m i t s  t h e  a p p l i c a b i l i t y  of ou r  theory  e s s e n t i a l l y  
t o  t h e  con tac t  of t w o  m i l l e d  s u r f a c e s ,  Howeverp many of t h e  
r e s u l t s  represented  h e r e  gre probably t r u e  a l s o  for other 
types of s u r f a c e  f i n i s h .  
I n  t h e  sequel  w e  shal l .  ca l l  opposing squares (cpnta in ing  
one a s p e r i t y  each) a con tac t  square,  i r r e s p e c t i v e  of t h e  f a c t  
whether t h e  two spheres  a c t u a l l y  touch o r  n o t ,  
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3 .  R e v i e w  of fhe  Resul t s  f o r  a S ingle  Contact Poin t  
The e las t ical  deformation Qf two sphere$ t h a t  touch one 
another  has  been c a l c u l a t e d  by H ,  H e r t z  [SI. The b a s i c  r e s u l t s  
(gene ra l i za t ions  of which have been given i n  [ 6 1  are t h e  
following) See Fig.  4 
Fig.  4 
I f  the t w o  spheres  are pressed toge the r  wi th  a t o t a l  fo rce  P 
they  w i l l  be deformed e l a s t i c a l l y  such t h a t  t h e i r  apparent  
pene t r a t ion  depth R is given by 
where 
3 1 - 0 2  
D = 7  E t 4 )  
(we assume t h a t  both spheres  c o n s i s t  of t h e  same material) I) 
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The r ad ius  of t h e  con tac t  circle i s  given by 
FRD 'I3 a = 
The s tandard  t rea tment  of t h e  heat flow through such a cn,_ ?-.tact 
po in t  i s  due t o  Cet inka le  (Veziroglu) [710 
The con tac t  i s  replaced 
as shown i n  Fig- 5 ,  








F ig .  5 
The s o l u t i Q n  of  the boundary value problem f o r  t h e  heat 
flow is  rather complicated, due t o  the  presence o f  l i q u i d  
( l u b r i c a n t )  o r  gas i n  t h e  gap between t h e  t w o  su r f aces .  
Since we  are i n t e r e g t e d  here  mainly i n  t h e  s t a t i s t i ca l  
f e a t u r e s  of t h e  theory w e  sha l l  cons ider  t he  s imples t  case 
first, i .e.  con tac t  i n  vacuum. I n  t h i s  case t h e  h e a t  flow Q 
becomes 
Q = 2 a k AT ( 6 )  
where AT i s  t h e  temperature s t e p  a t  t h e  i n t e r f a c e  and IC i s  
t h e  thermal conduct iv i ty  of t h e  material ,  I t  is  perhaps some- 
what s u r p r i s i n g  t h a t  t h e  h e a t  flow is  p ropor t iona l  t o  a r a t h e r  
than a2 and independent of t h e  he igh t  of  t h e  contac t  element 
(Equation (6) is  v a l i d  f o r  L < <  a b  B > >  a )  e 
The behaviour of  Q i s ,  however! due t o  t h e  f a c t  %hat  t h e  
h e a t  flow converges a t  t h e  i n t e r f a c e  and i s  concentrated at 
t h e  edges o f  t h e  circle of r ad ius  a. This " sk in  e f f e c t "  causes 
t h e  dependence on a rather than  a 2 r  i n  qomplete analogy t o  
t h e  usua l  e lec t romagnet ic  s k i n  e f f e c t ,  
Equations ( 3 - 6 )  are t h e  s t a r t i n g  p o i n t  of  ou r  theory ,  
4 .  S t a t i s t i c a l  Treatment of a Contact Element: E las t ic  
Deformations 
Consider t h e  s i t u a t i o n  shown i n  Fig.  4 ,  where t w o  humps 
of he igh t s  h and g r  r e s p e c t i v e l y ,  have penet ra ted  a d i s t a n c e  
R given by 
h + g = L + k  
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Eliminat ing F from equat ions  ( 3 )  and ( 5 )  w e  ob ta in  for t he  
r ad ius  of t he  con tac t  p o i n t  
and the  heat flow through t h i s  con tac t  p o i n t  becomes 
The pene t r a t ion  depth R w i l l ,  of course,  d i f f e r  f o r  
var ious  c o n t a c t s ,  because of  t h e  s t a t i s t i c a l  d i s t r i b u t i o n  of 
t h e i r  h e i g h t s ,  W e  s h a l l  c a l c u l a t e  now t h e  average heat f l u x  
through one of the  contact elements (keeping t h e  d i s t a n c e  L 
between the  two s u r f a c e s  f i x e d ) .  
Consider f irst  a sphere af f i x e d  h e i g h t  g above the  Power 
su r face  (see Figu 4 )  Then t h e  heat flow through the  c o n t a c t  
element w i l l  depend on the  he igh t  of t h e  upper spherel  i .e.  
Since these h e i g h t s  h have a s t a t i s t i c a l  d i s t r i b u t i o n  
p (h) I t he  average heat f l o w  (averaged over  many con tac t s  with 
varying In) w i l l  be 
H 




This g ives  t h e  average hea t  flow through one con tac t  
element as a func t ion  of L. T o  ob ta in  t h e  t o t a l  heat f l u x  g 
through a u n i t  surface area w e  have t o  m u l t i p l y x i t h  t h e  
n-er N of con tac t  square,  i .e .  w i t h  N = 1 / ~ 2 ,  i , e .  g = C / B ~ *  
S imi l a r ly  w e  c a l c u l a t e  now the  average force on t h e  $wo 
i n t e r f a c e s  as a func t ion  of L. From ( 3 )  w e  have 
F = B 2  y R 3P2 
The averaqe fo rce  due t o  one con tac t  p o i n t  becomes 
which toge the r  w i t h  
determines the  heat flow as a func t ion  of t he  appl ied  p res su re  
p = F/B2 ,  
The i n t e g r a l s  (13) and (14) can be extended over  a region 
i n  t h e  ( g p h )  plane,  such t h a t  h -I- g > L, i .e. w e  have t o  average 
only over  such con tac t  squares  t h a t  a c t u a l l y  touch one another, 
PO 
This region. of i n t e g r a t i o n  i s  shown i n  F ig ,  6 ,  
H 
reg ion  of 
i n t e g r a t i o n  
Fiq. 6 
5 ,  Sta t i s t i ca l  Treatment of a Contact Element: I n e l a s t i c  
D e  formations 
If a c r i t i ca l  pressure  P (equal  t o  t h e  hardness o f  t h e  
material) i s  exceeded t h e  material begins t o  faow p l a s t i c a l l y .  
While it is  hard ly  p o s s i b l e  to treat t h e s e  phenomena e x a c t l y  
w e  s h a l l  t a k e  them i n t o  account i n  t h e  phenomenological manner 
descr ibed  below, 
I n  t h i s  t rea tment  w e  s h a l l  assume t h a t  i n  t h e  case of 
p l a s t i c  f l o w  t h e  b a s i c  r e l a t i o n s  ( 6 )  and (8) remain v a l i d ,  while  
t h e  r e l a t i o n  (5)  between t h e  r ad ius  of t h e  con tac t  point and 
t h e  fo rce  hgs t o  be changed. The s imples t  modif icat ion of ( 5 )  is 
PE 
i . e ,  t h e  material flows u n t i l  t he  pressure  i s  equal  t o  t h e  
c r i t i ca l  pressure  a l l  over  t h e  con tac t  surface. I n s e r t i n g  (89 
t h i s  becomes 
R R  
2' F'PT 
This  r e l a t i o n  r ep laces  (12) i n  t h e  case of i n e l a s t i c  c o n t a c t s p  
whi le  t he  express iop  for  the  heat flow Q remains unchanged, 
Next w e  have t o  determine when the c r i t P a a 1  pressure  w i 9 . 1  
be exceeded a t  a contact p o i n t ,  The pressure  d i p t r i b u t k ~ n  a t  
t h e  con tac t  is  (see e .g ,  161) 
The p res su re  is  thus  largest  i n  t h e  center 
Plast ic  flow sets i n  if po 
t i o n s  of R = h + g L, t h i s  meqns t h a t  t h e r e  i s  a c r i t i c a l  
value of R, R = A ,  above which t h e  aontacg begins to flow, 
P. Since bo-bh F and a are func- 
1% 
Therefore,  t h e  s i t u a t i o n  i s  a$ shown i n  Fig.  7. 
I i n e l a s t i c  
E: e las t ic  
N no 
con tac t s  
I '  \ \ 
F i g .  7 
Thus t h e  r e l a t i o n  between t h e  pressure  p and t h e  su r face  d i s t ance  
b is  modified t o  
where t h e  i n t e g r a l s  are fo be extended over  t h e  e las t ic  (E)  
and i n e l a s t i c  (I) reg iops ,  r e spec t ive ly .  
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The r e l a t i o n  between P and A i s  given by 
T h i s  follaws from (Is), ( 1 2 )  gnd ( 8 ) .  
Equations (14) and (13) are wr b a s i c  r e s u l t s ;  they  
determine h e a t  flow and fo rce  as fune t ipns  of  t h e  d i s t a n c e  of 
approach .. 
6 ,  T h e  I n t e r f a c e  Cor re l a t ion  Function 
The two-dimensional i n t e g r a l s  t h a t  appear i n  (14) and 
(19) can be re-wyitten by a t rapsformqtion of  wariables  i n t o  
a considerably s impler  formo 
The i n t e g r a l s  t h a t  appear i n  (14) and (19)  are of  vhe 
genera l  type  ( t h e  f a c t o r  H’Pn is  ia t rqduced  t a  make A,(L) 
dimens ion leg  s ) 
i n t e g r a t e d  over  some s u i t a b l s  domain. We infroduce new 
v a r i a b l e s  by 
h = x + y  h + g = 2 x  
g = x - y  h - g = 2 y  
An(L)  then becomes 
where 
F$g. ,8 
The i n t e g r a l  (24) is t o  be taken along the do t t ed  lines 
(fig. 8 )  i n  t h e  ( x , y )  plane. Therefore t h e  l i m i t s  of inte- 
g r a t i o n  are 
i f  t h e  pa th  i s  analogous t o  (a) i n  P ige  8 or 
f o r  pa ths  Pike (b) e I n  t h e  l a s t  s t e p  w e  used t h e  obvious 
symmetry o f  t h e  in tegrand  of  ( 2 6 )  
For s i m p l i c i t y  w e  s h a l l  restrict  ou r se lves  here  t o  case 
(b) i , e ,  w e  do n o t  cons ider  d i s t ance  of  approach I, H, T h i s  
canp however, e a s i l y  be  done i f  necessary-  
K (x) w i l l  be c a l l e d  t h e  i n t e r f a c e  c o r r e l a t i o n  func t ion  * 
It p lays  t h e  dominant r o l e  i n  the theory of t h e  con tac t  between 
two s u r f a c e s ,  To b r i n g  our  r e s u l t  i n t o  i t s  f i n a l  form w e  
introduce a new v a r i a b l e  
i n  ( 2 4 %  whereupon t h e  i n t e g r a l s  An become 
An(L)  = €I 
The l i m i t s  of  i n t e g r a t i o n  over  z s t i l l  have t o  be determined, 
L e t  LIS f i r s t  s tudy  t h e  case o f  e las t ic  con tac t s  only.  
Then t h e  l i m i t s  o f  t h e  i n t e g r a t i o n  are given by z = 0 and 
2: = 2W - L = d r e s p e c t i v e l y ,  as can e a s i l y  be  seen f r o m  Figo 9, 
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F i q . ,  9 
L 
Figo 10 
I n  t h e  presence of  e las t ic  and i n e l a s t i c  con tac t  p o i n t s  
t h e  s i t u a t i o n  is  as shown i n  Fig.  10. There t h q  elastic i n t e -  
grals go from 0 t o  h p  t h e  i n e l a s t i c  ones from A t o  d. There- 
f o r e ,  the  expression fQr h e a t  Elux q and t h e  pressure  p be-, 
come f i n a l l y  
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Elas t ic  con tac t s  only z+L 
d " 1 .  3/2 K(T) dz 
H a  
P "  1 
E l a s t i c  and i n e l a s t i c  con tac t s  
where 
d = 2 H - L  
Equations (29-31) are our  final.  r e s u l t s ,  T h e  form i n  whiah 
Equation (299 is  w r i t t e n  has t h e  advantage t h a t  both sides 
are dimensionless and t h e  square r o o t  i s  a factor of order 
u n i t y  a 
7 .  Examples 
Me sha l l  c a l c u l a t e  how t h e  expec ta t ion  value3 foy the heat 
f l u x  and the fo rce  F f o r  some simple d i s t r i b u t i p n  func t ions ,  
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The f irst  s t e p  i s  the c a l c u l a t i o n  of t he  i n t e r f a c e  
c o r r e l a t i o n  func t ion ,  
T h e  following he igh t  d i s t r i b u t i o n  func t ions  w i l l  be 
considered 
The corresponding i n t e r f a c e  c o r r e l a t i o n  func t ions  are 
a) K(x) = M 6 (H - x) 
b) K(x) = - ( H  - x) O < x < E I ,  - e ( 3 3 )  H 
(wm = normalizat ion f a c t o r )  
I n s e r t i n g  these c o r r e l a t i o n  func t ions  i n t o  the  i n t e g r a l s  
(29)  and (30) r e s p e c t i v e l y ,  w e  o b t a i n  the  following expressions 
f o r  t h e  h e a t  f l u x  and fo rce  (we restrict ou 
moment t o  e l a s t i c  con tac t s )  
a ) q = d  p = d  3 1 2  
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(341  
7 / 2  4- 2m p - d  5 1 2  + 2m c ) q - d  
Therefore,  simple power P a w s  r e s u l t  
n/3 a % q = p  
( 3 5 a )  is  j u s t  t h e  w e l l  known r e l a t i o n  between h e a t  flow and 
force  t h a t  r e s u l t s  from t h e  assumption t h a t  z l l  a s p e r i t i e s  
have t h e  same height: H .  
As an example f o r  t h e  t r a n s i t i o n  from elast ie  t o  i n e l a s t i c  
deformations w e  c a l c u l a t e  %he h e a t  flow i n  case b ,  t h e  r e s u l t  
i s  
4 Y  7 1 2  m d  
P =  (36) 
Here t h e  power l a w  changes slowly from 
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( 3 7 )  
when i n e l a s t i c  e f f e c t s  set  i n ,  
The remarkable common f e a t u r e  of a l l  t he  examples given 
above is  t h a t  they  r e s u l t  i n  power l a w s  w i t h  exponents smaller 
than one. I n  t h i s  r e s p e c t  our  r e s u l t s  a r e  s i m i l a r  t o  those of 
Held 643. 
For m o r e  complicated he igh t  d i s t r i b u t i o n  func t ions  t h e  
h e a t  flow can be c a l c u l a t e d  numerically on ly ,  
The s t r o n g  dependence of t h e  func t iona l  form of q(p)  on 
the  he igh t  d i s t r i b u t i o n  i n d i c a t e s  why a t tempts  t o  c a l c u l a t e  
?lie hea t  flow f r o m  simple models are gene ra l ly  unsuccessful .  
The r e s u l t s  obtained h i t h e r t o  are i n  agreement w i t h  t h e  
experimental  d a t a  i n  t h e  low and m e d i u m  p re s su re  region 
(p  < IOM3 I?) where power l a w s  w i t h  exponents a P  are gene ra l ly  
observed. A t  h igher  p re s su res ,  however, a much s t r o n g e r  in -  
crease of t he  heat f l o w  is  sometimes observedp sugges t ing  power 
laws q = p 2 .  T h e  s tandard  explana t ion  of  t h i s  i s  t h a t  i n  t h i s  
p ressure  region a s t r o n g  inc rease  i n  t h e  number of con tac t  
po in t s  t akes  place, A q u a n t i t a t i v e  formulation of t h i s  argument 
can be given i n  our  theory ,  by assuming a he igh t  d i s t r i b u t i o n  
of  t h e  form 
p ( h )  = 0 (E1 - X) -k (1 - S )  6 ( G  - X) 
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A t y p i c a l  curve q ( p )  t h a t  r e s u l t s  from ( 3 8 )  is  shown i n  
Fig.  11 (assuming i n e l a s t i c  contact6 only)  
I 
The onse t  of t h e  change i n  s lope  a t  p1 deRends, of coursep ~n 
the values  of the  parameters used i n  ( 3 8 1 ,  as does p2" With 
t y p i c a l  parameters s and G one ob ta ins  p,/p, = 2 - B i  i , e ,  
t he  s t e e p  s lope  can be maintained only over  a r e l a t i v e l y  s m a l l  
p ressure  range. Since t h i s  is  no t  i n  agreement wi th  the 
periment, t h e  s lopes  >1 w i l l  have t o  be i n t e r p r e t e d  i n  a 
d i f f e r e n t  way. T h i s  will be done i n  chapter  10. 
r 
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In t h i s  s e c t i o n  w e  s h a l l  compare our  theory w i t h  some 
recent experimental  measurements of thermal c o n t a c t  conductance, 
FGZ’ t h i s  purpose we choose a h e i g h t  d i s t r i b u t i o n  func t ion  
(399 
The reason f o r  t h i s  choice of p (x)  is  tha t  (39) is a good 
approximation t o  a Gaussian d i s t r i b u t i o n  of a s p e r i t i e s ,  which 
i s  t.0 be expected because of t h e  s t a t i s t i c a l  d , i s t r i b u t i o n  of 
t h e  asperi t ies  on the i n t e r f a c e ,  The advantage of t h e  choice 
(34) over a Gaussian-ansatz for P ( X )  is  t h a t  the i n t e g r a l s  
required f ~ r  the c a l c u l a t i o n  of q and F can be carried o u t  
a n a l y t i c a l l y  when the d i s t r i b u t i o n  ( 3 3 )  i s  used, 
I n s e r t i n g  (39) i n t o  ( 3 1 )  we obtain f o r  t h e  i n t e r f a c e  
C O X r c l a t i Q n  f U n C t i O l a  
This rssuJl t  i s  v a l i d  i n  t he  region 131% a x e H., 
Since most experiments are performed a t  pressures  f o r  
which. inelastic con tac t s  dominate w e  s h a l l  neg lec t  t h e  e l a s t i c  
con t r ibu t ion  to t h e  t o t a l  p re s su re  in (30x0) e For the  calculat icn 
2 3  
of q and p resp. we need the integrals ( 5  = d/H) 
Pressure and heat flow can be expressed in terms of these 
integrals as 
For 5 < <  1 an approximate power Paw 
0*9 




results. It is interesting to note that Tien [I01 has suggested 
a phenomenological relation 
0,85 
q = P  (46) 
in order to explain a large number of experimental data. The 
relation suggested by Tien is (in our notation) 
0,85 * kAT = 0,55 ($1 m (479 
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su r face  
where m i s  t h e  F?MS s lope .  I n  t h i s  theory B i s  t h e  autocorre-  
l a t i o n  length  of t h e  su r face .  
T h e  r e l a t i o n  (45) der ived here can be r e w r i t t e n  i n  a form 
similar t o  ( 4 7 )  
It d i f f e r s  from (47 )  by the numerical f a c t o r  2,8 Lnstead of 
0.55 and by t h e  $ac to r  ( B 2 / R H ) O o 4 ,  whiGh i s  re laqed  to t h e  
s lope  of t h e  su r face  as shown i n  Fig.  11 
F i g ,  11 
I n  t h i s  f i g u r e  an a s p e r i t y  of  maximum he igh t  €1 i s  shown. 
T h e  r e l a t i o n  between I-I, 9 and R i s  
R-I-I pos,C% =  R s i n a  = B/2R 
o r  
H = R(1-cosq) B = 2R s i n a  
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and thus  
F O ~ :  o e goo w e  have - - 
We can therefore replgce th$s fgctor wi th in  am accuracy of 
12% by 
and ( 4 8 )  s i m p l i f i e s  them t Q  
Here w e  have made t h e  asgsuqtption t h a t  t h e  a3perities of maxi- 
m a l  h e i g h t  touch one another ,  as shown i n  Fig.  11, 
For sprfaceg f o r  which t h i q  is po t  f u l f i l l e d  (Fig. 9 2 )  
Fiq ,  1 2  
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B has  t o  be def ined as shown i n  t h e  f i g u r e ,  
T h e  main d i f f e r e n c e  between (54)  and Tien’s  r e l a t i o n  (479 
i s  thus  the  lack of t h e  f a c t o r  m i n  our  r e l a t i o n  (54)  The 
reason f o r  t h i s  i s ,  t h a t  t h e  r e s u l t s  der ived  here are v a l i d  
f o r  very rough s u r f a c e s ,  w h i l e  Tien has  concentrated on nominally 
f l a t  su r f aces  ( m  < <  1) .  Formal agreement between (4’9) and (54 )  
can be achieved i f  w e  pu t  m = PO. W e  s h a l l  Compare our  theory 
here  w i k h  t h e  experiments of F r i e d  181,  s i n c e  i n  t h i s  case a % k  
the  r e l e v a q t  su r face  parameters are known, The agreement between 
theory and experiment i s  shown i n  Ficj. 13, 
The f i g u r e  shows t h a t  t h e  theory tends t o  overest imate  
the  h e a t  f l u x  by about a f a c t o r  a f  2 and p r e d i c t s ,  furthermore,  
a l i n e a r  r e l a t i o n  between I n  q and Pn p ,  wh i l e  t h e  a c t u a l  curve 
seems t o  be nonl inear .  W e  s h a l l  show, however, i n  chapter  3 
t h a t  t h e  disagreement of theary  and experiment i s  about of the 
orde r  of t h e  f l u c t u a t i p p s  of t h e  heat flow which are t o  be 
expected on pure ly  s t a t i s t i ca l  reasons.  This  disagreement i s ,  
thus ,  p r a c t i c p l l y  unimportant. 
0 
Fiq .  a13 IO” 
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9. Surface Films and Electrical  Conductivity 
It has o f t e n  been suggested t h a t  t h e  mechanism f o r  i n t e r -  
facial  thermal and e lectr iaal  conduct iv i ty  are r a t h e r  s i m i l a r .  
Recent measurements by Fr ied  [ 8 1  have shown t h a t  t h i s  i s  only 
pa1rtial.l-y c o r r e c t ,  A t y p i c a l  p l o t  of $he r a t i o  e lee t r ica l J ther rna1  
r e s i s t a n c e  vs ,  p re s su re  i s  shown i n  F ig .  1 4 .  
Q 
I f  t h e  mechanisms f o r  both e lectr ical  and thermql con- 
d u c t i v i t y  w e r e  t h e  same, ope wguld expect  t h e  r a t i o  t o  
be equal. t o  a cons t an t  
(55)  
-6 Ohm Watt %/RTh = 7 . 3 5  10 0 
C 
( a t  a temperature T = 27Op) 
Actua l ly  t h e  ratiss are always h igher  than t h e  one given 
by t h e  Wiedemann-Franz l a w  (55)  This i n d i c a t e s  t h a t  t h e  re- 
s i s t a n c e  stemming from t h e  su r face  f i l m  i s  t h e  dominant one as 
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f a r  as electrical  conduct iv i ty  i s  concerned, while it can 
probably be neglected f o r  thermal conduct iv i ty ,  (There i s ,  
however! no clear proof of t h i s )  ,,
If both cons t+ ic t ion  r e s i s t a n c e  and su r face  f i l m  r e s i s t a n c e  
are important ,  t h e  b a s i c  equat ion (61 for t h e  h e a t  flow has t o  
be changed t o  
A T / B ~  
5 l =  
1/2ka i- b/aa2ks 
s i n c e  t h e  c o n s t r i c t i o n  r e s i s t a n c e  (1/2k9) and the  su r face  f i lm  
r e s i s t a n c e  (b/ksa2) have t o  be added t o  pne another .  In (56 )  
lcs is t h e  thermal conduc t iv i ty ,  b t h e  th ickness  of t h e  s u r f a c e  
film, 
Simi la r ly  t h e  e lectr ical  c u r r e n t  through one contact 
element becomes 
where V i? t h e  vol tage  aqross the i n t e r f a c e ;  Q aqd Q 
electrical  c o n d u c t i v i t i e s  of metal apd qur fape i f i l rn  resps 
If t h e  e f f e c t s  of  t h e  su r face  film were small t h e  ravio of  
e l ec t r i ca l / fhe rma l  r e s i s t anqo  
are t h e  
6 
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would be given by the  Wiedemann-Frana l q w 0  The experimental  
evidence is ,  however, t h a t  %/€ITh > >  k/a and a funct ion of 
p re s su re ,  This  i n d i c a t e s  t h a t  su r f ace  f i l m s  are dominant as 
fa r  as t h e  electrical  conduct iv i ty  is concerngd, w h i l e  t h e  
c o n s t r i c t i o n  r e s i s t a n c e  i s  t h e  important one f o r  heat t r a n s f e r ,  
Neglecting the appxspriate terms in (56), (57)), (58) WEI h 
9 = -  2ka AT 
B2 
n a 2 a s V  
J =  
( 5 9 9  
Since t h e  pressure  p and t h e  e lectr ical  c u r r e n t  J are both 
p ropor t iona l  t o  a2 ( f o r  i n e l a s t i c  c o n t a c t s ) ,  we ob ta in  
J = cons t .  p 
which agrees w e l l  wi th  experiment [SI. 
10, The High Pressu re  Region 
I n  the  high p res su re  region (p lov3 P) t h e  approximation 
(6) for t h e  c o n s t r i c t i o n  r e s i s t a n c e  is  n o t  app l i cab le  anymore 
and a more accura te  expression has t o  be used, A p a r t i c u l a r l y  
30 
simple r e l a t i o n  is  the  one given by Cepinkalp and Fishenden E91 
For B > >  a t h i s  agrees  with t h e  expression discussed before  ( 6 %  
I f ,  however, B = a, i , e ,  i f  t h e  con tac t  p o i n t s  become l a r g e  
then 
Equation ( 6 1 )  has  t o  be changed accordingly.  It; becomes 
The s t r o n g  dependence of ( 6 4 )  sq a i s  t h e  probable reason 
f o r  t h e  s t r i k i n g  inc rease  of  t h e  heat; flow a t  high pressures .  
However, more work has  t o  be done before  quantLtat ive pre- 
d i c t i o n s  about t h e  behaviour of  t he  h e a t  flow i n  t h e  high 
pressure  region can be made. 
11, A l t e r n a t i v e  Ca lcu la t ion  of q 
I n  t h i s  chapter  w e  s h a l l  repeqt  our  c a l c u r a t i o n  of  t h e  
hea t  flow as a func t ion  of p re s su re  wi th  9 d i f f e r e n t  method, 
This method, which t akes  i n t o  account t h e  whole i n t e r f a c e  
simultaneous.ly w i l l  enable  us  t o  t ake  i n t o  account t h e  whole 
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i n t e r f a c e  a t  once and permit-, furthermore,  a c a l c u l a t i o n  Of 
the  f l u c t u a t i o n s  of  t h e  heat f l o w .  These f l u c t u a t i o n s  r e s u l t  
when the  two su r faces  which form t h e  i n t e r f a c e  a r e  separa ted  
and pu t  t oge the r  again I n  a s l i g h t l y  different p o s i t i o n ,  
For t h i s  purpose it i s  i n s u f f i c i e n t  t o  dea l  w i t h  one 
con tac t  only and w e  have t o  t abe  t h e  w Q o l e  i n t e r f a c e  i n t o  
a c c o u n t . a t  once. The i n t e r f a c e  s h a l l  u o n s i s t  of N c o n t a c t  
squares ,  t h e  he igh t  of  t h e  a s p e r i t i e s  be ing  pi and gi r e s p , ,  
i = 1 , 2 , . . N .  The t o t a l  heat flow Q, through t h e  i n t e r f a c e  is  
given by 
T h e  t o t a l  fo rce  p re s s ing  t h e  in t ey faoe  toge the r  is  given by 
F = yB2 1 (hi 8 gL - L) 312 
i=l 
(We- s h a l l  cons ider  e las t ic  c o n t a c t s  only)  e Here w e  hawe t o  
average t h e  heat flow n o t  only over $11 poss ib l e  vqlyes of hi 
and gi, b u t  also over  a l l  vqlues of  lL t h a t  are cpmpatible with 
the  value of F given by ( 6 7 )  This  cgin be aeeomp&ished by 
inc luding  an i n t e g r a l  
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i n t o  t h e  averaging procedureo w(L)  has $0 be p h o p p  such af 
t o  normalize $he i n t e g r q l  t o  ope, The jlqtegral  { s a )  iB of  t h e  
form 
, ?ll-+e norrnaliqit jon J =i 1 df 
L=L - (a? where f ( L J  = 0, f ' ( L o )  = 
0 r equ i r e s  
The aver3ge of Q, aver a11 3pogsi.blq valuas  of h4, gi aqd 
L is  thus  obtained i n  t h e  g q q ~  manner a$ before by i n t e g r a t i n g  
over t he  h e i g h t  d i s t r iby t4on '  functlansj. 
where aI(hi,gkpL) i s  given by (66) ., W e  fqtroducp new v a r t a b l e s  
by 




i s  the  i n t e r f a c e  c o r r e l a t i o n  func t ion -  The sum (1 F~ ' / 4 ) 2  con- 
2 P 
, i 3. k. z3c t a i n s  N , t e r m s  of  type zi and N(N- ' I )  term$ zi'? 
qecause of t h e  obvious symmetry of t h e  $nt;egrand all values  
of i, 4.; c o n t r i b u t e  equa l ly  t o  (5, and thus (7%)  becomes 
T o  proceed f u r t h e r  w e  use t h e  well-known integral  r ep resen ta t ion  
of the  &-funct ion 
With t h e  belp of ( 7 6 )  t h e  y p r e s s i o n  foy cI $pcror izes  
i n t o  a product of  14 i p t e g r g l q  of t h e  form 
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This is the general expressioq fop  Itbe heat f l q  tkpough N 
contact squares,’To simplify t h i s  fuy-phsr we cpnsider the 
4 Ii.mit N > >  ‘P (in actual experiments N = 10 Putt$ng F = N P B ~  
and y = Nx (78) becomes 
. i  n ’ 1 1 .  
To evaluate this we expand Jn(L,y) i n t s  a pawew series 
(80) 
where An(L) are the integrals 
The following limits aye needed $n (79) 
(Observe here and in the next step thqt AQ (L) = I) 
becomes for N > >  P 
Thus GI 
35 
The 6-function show$ t h a t  i n  t h e  $&m$t of i n f i n i t e  N on ly  
one value a€ L cont r ibu teg  tq the integral, & . e .  
T h i s  shaws t h a t  i n  t h e  l i p i t  of ipfir\i.t;s$y l a r g e  interface$ 
the  f l u c t u a t i o n s  vapish and a fiaed value a€ F corresponds t o  
a f ixed  va lue  of  L. To evaiuqte  ( Q 5 )  w e  use (67) and qote t h a t  
(see (24)) 
\ 
and the  average f l o w  tkwough one cQnt;aq$ square peqomea 
36 
where Lo i s  determined by ( 8 6 )  e Thi$ i s  i d e n t i c a l  w i t h  (299 
Therefore t h e  simple a n a l y s i s  dqscr ibed i n  ahap te r s  3-7 be- 
comes e x a c t  i n  t he  l i m i t  of i n f i n i t e  N. 
1 2 .  F i n i t e  I n t e r f a c e s  and Flucfuat iong 
All experimentq on i n t e r f a c 4 a l  Condpctivity s u f f e r  from 
a l ack  of reproducibi l$ . ty .  Whenever t h e  2 s u r f a c e s  a r e  s l i g h t l y  
s h i f t e c ,  a measurpmwt of t h e  heat f l u x  w i l l  g ive r e s u l t q  
$ha t  d i f f e r  apprec iab ly  frpm thosiq obta4ned begore. We g h a l l  
show here t h a t  t h i s  i s  h u t  a n a t y r a l  sonsequence o f  t h e  f i n i t e -  
ness  of t h e  i q C e r $ a q .  
A c a l c u l a t i o n  af t h e  f luc tua t ionp  af t hy  hga t  currevt 
t u r n s  o u t  t o  be a ragher  cornp,$iqpted tashct  $+me qpd 
have t o  be c a l c u l a t e d  to o r d e r  1 / N .  Wq peglec ted  numerous such 
~ @ r w  i n  t h e  manipulations Jqading from (79)  t o  ( 8 9 )  The  terms 
included i n  (88) t h a t  c o n t r i b y t e  i n  s r d e r  1 t o  cI and thus  i n  
o r d e r  1 / N  fo 6 are only  2 o u t  of 6 t e p s  of t h i s  type.  Howeverp 
t h e  fol lowing 
T h e  two t ' e r m s  
Evaluat ion of 
sbse rva t ion  g impl i f ien  o u r  t a s k  w q $ i d e r a b l y e  
t h a t  aye of aqder P $n ( 8 8 )  are A 1/2 and An/A1/2. 
t h e s e  q u a n t i t i e s  f o r  model ( 3 2  b)  l e a d s  t o  
Therefore w e  have 
For low p res su res  - whgre f l p c t u q t i o n s  are l a r g e g t  and thus  of 
p r a c t i c a l  i n t e r e s t  - 2H-I, HenCe t h e  term A,jfA,/z i s  t he  ? 
l ead ing  one i n  t h e  low pressurq rqgiep  oq which w e  s h a l l  eon- 
c e n t r a t e  i n  t h e  sequel .  I n  t h i g  case ( 8 8 )  can be approximated 
€1 
by 
An i n spec t ion  of the  terms neglected i n  t h e  s t e p s  l ead ing  from 
( 7 8 )  to (92) we t h q t  they are all qf t 1 p  $ype Arp2 rather 
than A1/AlI2 and can thus  be peglected. The reasons yhy some 
t e r m s  i n  t h e  expression f a r  t h e  f luc$uat ions  are more iypoy- 
t a n t  than o t h e r s  wi l$  become c;leqr below. 
T o  c a l c u l a t e  t h e  f l u c t u a t i o n  
Q Q Z  
w e  qeed F-. T h i s  i g  given by 
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Repeating t h e  s t e p s  t h a t  l ead  from (70)  t o  (80)  we ar r ive  
at 
(95) + N ( N - 1 )  (N-2)  J:,2(L,x9 Jo N-3 ( L , x )  1 
The f i r s t  terq i n  (95)  can be neglec ted  i n  the l i p i t  of 
l a r g e  N ,  whi le  t h e  SeCQnd ope has  to bq taken i n t o  account i n  
a c a l c u l a t i o n  of tpe f luc tua%iops .  The l a s t  t e F p  is ,  of qourgp, 
t h e  leiiding one,, Afger manipulavions analogpus t(31  thoqc dis -  
cusged before  t h e  eFpressiqn f a r  becsmqs 
A l l  terms that, can be neglec ted  
been omit ted i n  (961, I n s e r t i n g  
t q i n  f o r  t h e  f l u c t u a t i o n s  
i n  t h e  r eg ian  2H-I,  < <  H have 
our  r e s u l t s  into ( 9 3 )  w e  ob- 
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I as one expec t s r  -i/a The f l u c t u a t i o n  i s  propor t iona l  t o  B4 
bu t  is  m u l t i p l i e d  by the  f a c t o r  4A;/All2 > >  P. The meaning 
of t h i s  f a c t o r  becomes t r anspa ren t  When we  caJculate t h e  
pwnber of  con tac t  Bquares t h a t  touch one apother ,  i . e ,  t h e  
number of  con tac t  elements,  This number i s  given by 
z+L n = N Jdz 0 ( z )  K(T) 
Using the  same mode& as before $his  becomes 
(28-L)2 < <  n/N = 
2H 
while 
Using (99) and ($001 the  f l u c t u q t i o n  (96 )  beoomes 
Tbus we obtaje  fhq i n t u i t $ v e l y  very s a t i a f a e t p r y  resul): 
t h a t  t he  f l u c t u a t t q n s  are propor t iona l  t c ?  bpe ipverse Fqvare 
r o o t  of vhe nymber ef a c t u a l  Father  than  poqgiblg contacpp. 
A t  t he  same t i m e  t h e  approx+mqtions mqda abme become, 
-L/2 clear; The' t e r m s  neglec ted  aboye cantr ibu$e i n  s r d ~ , r  & 
r a t h e r  than  n -'I2 t o  t h e  f l u c t u a t j o p s ,  Since J$ =: lo4 t heae  
40 
f l u c t u a t i o n s  are oqly  about 1% an@ can be neglected a t  t h e  
p re sen t  eyperimental  accuracy. 
The r e s u l t  (101) waq der ived i n  a s p e c i a l  model, However, 
it i s  of such + .s imple  nq tu re  t h a t  one ezpects it t o  ha$d 
genera l ly .  O f  coursel  'che numerical f a c t o r  i n  (LO$) w i l l  de- 
pend on the  form of  t h e  h e i g h t  d i s t r i b u t i o n  func t ioq .  
13 .  Line- l ike Correlations 
Here w e  s h a l l  d e a l  w i f Q  t h e  s , i t ua t ion  a c t u a l l y  encountered 
i n  measurements us$ng mi l l ed  s a w  t oo th  profiJ.es. The d i f f e r e n t  
r i dges  ( l i n e s )  have a h e i g h t  d i s t r i b u t i o n  
cr(h)dh = p r o b a b i l i t y  t h a t  a l i n e  has a h e i g h t  between b t  h-i-dh, 
$he v a r i a t i o n s  of t h e  h e i g h t  of t h e  r idges  along the i r  
length  can be taken i n t o  account by a d i s t r i b u t i o n  T ( K )  such 
t h a t  
T(K)dK = p r o b a b i l i t y  tha t  a p o i n t  on a, r idge  has a h e i g h t  
between K and K+dK above (o r  below). t he  averayq he igh t  
of t h e .  r i dge  e 
(11031 
This ' implies 
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The formalism given before  can e a s i l y  be genera l ized  t o  t h i s  
s i t u a t i o n .  The average heat flow through one cqn taa t  square 
becomes 
where Q(x) is given by (10) e 
Introducing new coord ina tes  
x 1 + x3 = y1 x2 + x4 = Y2 
x 1 - x3 = 2z1 x2 - x4 = 2 z 2  
($05) becomes 
where w ( y )  is  def ined  by 
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(107) shows that w(x) is the probability that an asperity 
has a height between x and x+dx. From here op the formalism 
works in exactly the same way as before, with the exception 
of the fluctuations. These bgve to be treated differently, 
since there is now p correlation between the heights of the 
contact point. This is best seen for T(X) = 6(x), i,e. the 
height varies from ridge to ridge but not along the ridges, 
Then there are no fluctuations of the heat flow a$ a l l .  There- 
forep the distribution a ( x )  does not give qise to fluctuations, 
while T(X) does. Therefore, the square of the heat flow becomes 
rather than 
(410) would be correct $.f the aspeyities were distripytad at 
random 
That (109) ra$her thqq (110) is the corrqct expressiaq 
f4r reduces the fluctuatioqw, 
4 3  
T h i s  i s  t h e  main reason f o r  t h e  b e t t e r  r e p r o d u c i b i l i t y  
of t h e  measurements f o r  saw tooth  rqilled su r faces ,  as com-  
pared t o  poliqhed su r faces .  Because of t h e  l ack  of expexirnen- 
t a l  d a t a  on T ( X )  and a ( x )  w e  cannot compare the  theory with 
experiment a t  t h e  momeqt. Both d i s t r i b u t i o n s  can be obtained 
e a s i l y  by measuring s e v e r a l  c l a s e l y  spaced p r o f i l e s  of the 
tes t  sample otliogona3. t o  t h e  r idges .  
1 4  Surface Waviness 
I n  $ h i s  s e c t i o n  w e  s h a l l  conqider t h e  c o r r e l a t i o n s  of t h e  
q s p e r i t i e s  t h a t  j re  due t o  su r face  waviness. T h i s  can be t r e a t e d  
i n  our formalism by s tudying t h e  s i m p l i f i e d  model of waviness 
shown i n  Fig.  15. 
Fig.  15’ 
4 4  
The su r face  is  approyj-mated by s patches of con tac t  p o i n t s ,  
each patch conta in ing  1 4 1  con tac t  squares  e A h e i g h t  d i s t r i b u t i o n  
(waviness) is  def ined  by 
IJ (x) dx = p r o b a b i l i t y  t h a t  a patch has a h e i g h t  betyeen x and 
x+dx (111) 
The average h e a t  f l u x  through one coq tac t  qqqare becomes 
- 
where Q i s  given by (107) : , Inser t ing  (107) i n t o .  (112) w e  ob ta in  
X2--X6 = .3u2 
5 
where 
$llf;) is again the  s tandard  formula (14) where the  heig$$ 
which T and u can be measured has been ind ica t ed  before;  ~ ( x )  
can be determined by a f l a t n e s s  measurement with t h e  h e l p  of 
a dial i n d i c a t o r  and a ' s u r e a c e  p l a t e ,  Therefore, a l l  t h e  dis- 
%rfbu"cions e n t e r i n g  (116) can be determined experimentally.  
Next w e  s h a l l  c a l c u l a t e  the  f luc tua t$ons  of the heat flow. 
Far t h i s  purpose w e  w r i t e  t h e  t o t a l  hea t  flow through the 
i n t e r f a c e  i n  the  form 
where Gla is  the  heat flow through patch a: 
The average heat flow thrqugh one patch i s  
The bar denotes averaging over  CT and T as before.  The totab 
average heat flow thus becomes i f  w e  also average over %he 
patch d i s t r i b u t i o n  p 
Next w e  have t o  calculate 
Averaging f i r s t  over CJ and T we have 
The ref o r e  c t u a ~ ~ o n s  become 
47 
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11, USER@S TABLES 
Abstract: 
The formulae r e l a t i n g  h e a t  f l u x  and appl ied  p res su re  
between two su r faces  i n  con tac t  t o  parameters of t h e  su r faces  
given i n  t h e  preceding p a r t  are r e w r i t t e n  i n  a form which 
f a c i l i t a t e s  eva lua t ion .  W e  f u r t h e r  p r e s e n t  the r e s u l t s  of a 
computation of t h e  i n t e g r q l s  A n ( L )  f o r  s e v e r a l  he igh t  d i s -  
t r i b u t i o n  func t ions  i n  a series o f  t a b l e s .  A l s o ,  the f a c t o r  
which m u l t i p l i e s  t h e  N -1/2 (N t h e  number of  poss ib l e  con tac t  
po in t s )  i n  t h e  expression f9r t h e  s t a t i s t i c a l  f l u c t u a t i o n  of 
t h e  heat f l u x  i s  given f o r  s p h e r i c a l  and r i d g e l i k e  a s p e r i t i e s ,  
2 
P. In t roduc t ion  
I n  p a r t  I t h e  h e a t  flow through one con tac t  square and 
the  appl ied  force  have been c a l c u l a t e d  f r o m  t h e  h e i g h t  d i s -  
t r i b u t i o n  func t ion  p and the  su r face  parameters R ,  R and €3. 
They are given as c e r t a i n  i n t e g r a l s  and are t h e r e f o r e  r e l a t e d  
t o  each o t h e r  i n  a parametr ic  form. O d y f o r  the  very s imples t  
h e i g h t  d i s t r i b u t i o n s  ( e ,g .  i f  a l l  a s p e r i t i e s  have the  same 
he igh t )  a simple a l g e b r a i c  r e l a t i o n  between h e a t  flow and 
fo rce  may be w r i t t e n  down, For t h i s  reason w e  g ive  i n  the  
tables belowathe values  of t h e  i n t e g r a l s  A n ( L )  which have been 
obtained by numerical i n t e g r a t i o n  ( f o r  s e v e r a l  d i f f e r e n t  d i s -  
t r i b u t i o n  func t ions)  a 
I n  chapter  2 w e  reqast t h e  r e l e v a n t  formulae i n  a form 
which is  b e t t e r  s u i t e d  f o r  eva lua t ion ,  I n  chap te r  3 we presen t  
t h e  tables,  and chap te r  4 conta ins  simple examples of how t o  
use t h e  tables as w e l l  as a d i scuss ion  of s e v e r a l  experiments. 
3 
2, Useful Form of the  Equations 
I n  terms of the  previous ly  def ined  i n t e g r a l  
21-I-L z+L -n-1 
A n ( L )  = 13 I K%--Z-) dz 
0 
the  expressions f o r  heat, f l u x  q and p res su re  p may be w r i t t e n  
as 
y A3/z(L) f o r  e las t ic  con tac t s  only (3a) 
P =  
where 
- - - 
a = - J -  2kAT RH P v R H  H RH 3 x  
p y = - d z -  I p = - J -  2 p B = -  B2 2B2 D B ~  -irD R 
H-x 
K ( x )  = 2 H  I dy P (x+y) p (x-y) f o r  x 5 H (4a) 
0 
and L is  the  d i s t a n c e  of  approach between t h e  two su r faces .  
Ins tead  of  L w e  w i l l  use  d = 2H-L. Furthermore p(x) is nor- 
malized 
H 
f P ( X )  dx = 1 
0 
4 
p (x) has the dimension of an inverse length while K ( x )  and 
An(L) are dimensionless. It is therefore convenient to intro- 
ducer instead of p (x) I a dimensionless function i ( 6 )  and 
dimensionless variable 5 I where the relation to p (x) El (x) I 
An(L) is given by 
We haver therefore, 
q and p are now given by 
Except for i n e l a s t i c  con tac t s  a l l  dependence on parameters asf 
the  material are contained i n  t h e  f a c t o r s  OL and y .  But E n  t h e  
usual  ease  of i n e l a s t i c  contac ts  A/H i s  a very sma%I n.amher 
and one may t h e r e f o r e  put XI13 t o  zero $0 get 
3 Evaluat ion of [ 8 )  and Tables 
- 
a For simple d i s t r i b u t i o n  p (5) t h e  i n t e g r a l s  A n ( 6 )  are 
e a s i l y  evaluated.  For in s t ance  t ake  
Then w e  g e t  
6 
re complicated distribu%ion func t ions  numerical eva lua t ion  
is p r e f e r a b l e ,  This has been donep and t h e  r e s u l t s  are l i s t e d  
i n  the  tables for  %he fo%%owing h e i g h t  distribution ~ ~ ~ ~ . i ~ ~ ~  
-1 L.. 
(The Pd3'@N6 are normalizat ion factorsp Ni 
~ n .  T a b l e s  I - VI one f i n d s  i n  c o l ~ s  P - 5 6,  W 
W 
ment f a c t o r s  F 
= I p i % & )  d5 l a  
0 
( 6 1 ,  X , ( S ) ,  
i n  columns 6 and 7 t h e  f l u c t u a t i o n  enhance- 
%%2 - 
( 6 )  and A 2 ( 6 )  3 1 2  
(6) and F a ( 6 )  which a r e  defined by a / a  
7 
These f a c t o r s  e n t e r  i n  t h e  expressions f o r  t h e  s t a t i s t i c a l  
f l u c t u a t i o n s  of t h e  h e a t  flow 
F1(6) is  given i n  t h e  tab2es because i n  a r e c e n t  work [I] 
with accordingly machined s u r f a c e s  ( r i d g e l i k e  a s p e r i t i e s ]  of 
the  test  probes a s l i g h t l y  d i f f e r e n t  connection f o r  and 
w a s  assumed, namely wi th  = x2(6) and there- 
f o r e  w i t h  a f l u c t u a t i o n  enhancement f a c t o r  Fp(6) i n s t e a d  sf 
F ( 6 )  I n  Table V I 1  w e  compare x1 ( 6 )  wi th  AI (6) where R1 ( 6 )  
is def ined  by 
= x1(6) and 
- q 
1/2 
This func t ion  r ep laces  g1(69 i n  a r e f i n e d  expression for t h e  
h e a t  flow which w i l l  be  d iscussed  below i n  connection w i t h  
Bhandari ' s  experiment, ( I n  T a b l e  V I 1  t h e  r a t io  B/H has been 
f ixed  a t  a value of 2 . 1 ) .  One can see very e a s i l y  t h a t  A1(6) 
i nc reases  faster than .fil ( 6 )  
s 
8 
4. Comparison with Experiment 
I n  t h i s  chapter  w e  w i l l  compare our theory with s e v e r a l  
of t h e  l a r g e  number of  experiments,  W e  wild, begin with t h e  
only experiment which has  been done fo%.lg>wing o u r  proposed 
experimental  p r ~ c e d u r e  and which sh ws tha% t he  sta%istiea$ 
f luc%uat ions ,  esp.  a t  l o w  pressure ,  are extreme1 important, 
a)  Bhandari ' s  experiment 
Measurements w i t h  s t a i n l e s s  steel  SS 3 0 3  have been done 
a t  t h e  Universi ty  of M i a m i  by Bhandari 6 x 1  us ing  15  p a i r s  
t es t  probes with t h e  same su r face  f i n i s h ,  A s  may be seen Exom 
Fig.  1, t h e  data scatter apprec iab ly ,  e.g. a t  a pressure  sf 
about 3000 p s i  the f l u c t u a t i o n  around the mean value i s  58%. 
The three curves in Fig.  2 were ca%cula%ed by Bhandari under 
the  fol lowing assumptions: 
a) t h e  a s p e r i t i e s  are r i d g e l i k e  and of t r i a n g u l a r  shape w i t h  
opening angle  20 and the l a y  d i r e c t i o n s  of t w o  opposing tes t  
probes are 90" a p a r t .  Then the modified formulae for con tac t  
conductance he: and app l i ed  pressure  p are 
b )  from an a n a l y s i s  of t h e  su r faces  a h e i g h t  d i s t r i b u t i o n  
func t ion  was deduced which resembled a Gaussian curve w i t h  
9 
maximum a% about 2000 p-inches and a width of about 250 p -  
inches {Fig. 39 e 
Under these  assumptions curve A i n  F i g D  2 has  been caL- 
cu la t ed ,  In curve €3 a d i f f e r e n t  connection between contac t  
conductance of a s i n g l e  con tac t  which has a l ready  been. dfs- 
cussed i n  s e c t i o n  I (viz Q a z/tan-' ( B i z  - 1) (see EqD 
( 6 3 )  of Part 1) ins%ead of h z ,  has been used, 
A major change i s  obtained by fo ld ing  su r face  waviness 
in%o t h e  he igh t  d i s t r i b u t i o n  (curve B i n  Figo 2) which resuib%s 
i n  an e f f e c t i v e  d i s t r i b u e i o n  func t ion  which reaches o u t  much 
longer  (Fig.  3 )  I t  is  an absolu te  p red ic t ion .  T h e  r e s u l %  is  
curve C. The agreement is  e x c e l l e n t ,  L e t  us no te  another  
f e a t u r e  o f  t he  data:: t h e  r a t i o  of the  f l u c t u a t i o n s  o f  the 
con tac t  conductance inc reases  with decreas ing  p res su re ,  W e  
have 
= ( 3 k o . 5 )  b o 3  B T U \ ( ~ ~ )  ( f t . 2 )  PF) hc a t  p = E2000 p s i  
= ( 5 * 2 )  EO2 BTU\(hr) ( f t 2 )  (OF) hc and at p = 3500 psi 
T h i s  i nc rease  i n  t h e  percentage error by a factor of nea r ly  3 
is  i n  good accordance wi th  our  p r e d i c t i o n s ,  (Compare f , i ,  i n  
Table I1 the values  of F1 f o r  6 = 0 , 5  (lower pressure)  and 
6 = 11) 
b) Cassidy and Mark 
Cassidy and Mark [Z] measured c o n t a c t  conductance o 
less steel  SS 4 1 4  i n  a pressure  range between 300 and E400 p s i ,  
8 0  
The i r  r e s u l t s  a r e  very w e l l  descr ibed by a behaviour 
h pn n 0.93 
rdance with our  theory ,  (F ig ,  4a). Unfortunately the i r  
deterrninat i  n of s u r f a c e  parameters cannot be usedp because 
t h e  test probes w e r e  preloaded by a r b i t r a r y  loads p r i o r  to 
a c t u a l  heat conductance measurement and a f t e r  ~ e ~ ~ ~ ~ ~ ~ ~ i ~ ~  
of su r face  parameters 
The surface used, t he re fo re ,  w a s  d i f f e r e n t  from the  one 
analyaed beforeI s i n c e  the  whole s u r f a c e  w a s  deformed i n e l a s t i -  
iffy by t h e  p re l sad ing  procedure. 
As a check of our  equat ions w e  use the  s i m p l i f i e d  form 
(he: = c o n t a c t  conductance) 
Prom t h i s  a value B = inch may be deduced from one ex- 
per imental  po in t .  A look a t  the  su r face  ana lyzer  waviness trace 
(Fig. 4 of [ % I )  shows t h a t  t h i s  is  a very reasonable  r e ~ u 3 . t ~  
c) Fr ied ' s  experiments 
A c a r e f u l  determinat ion of su r face  parameters b u t  n o t  of 
a hebighe d i s t r i b u t i o n  func t ion ,  has been made i n  t h e  many con- 
tact. conductance experiments of Fr ied ,  
W e  will d i scuss  here several measurementsp one with s t a i n -  
13. 
aluminium T6 (sample 9,lQ) an4 t w o  with aluminium T4 (Fr ied  
I1 [ 4 3 ) .  
Fr ied  has measured ?$e fellqwllng surface, parameters: 
a)  r m s  roughness8 Ghiq corresponds t o  Hi2 
b) peak-to-peak rldge d i s t ance :  E 
c) f l a t n e s s  deviat;ion, i , ,q* t h e  amplitude of t h e  waviness, 
Nei ther  t h e  wavq,lepgkh of the  waviness nor  R have been 
determined, I n  view of t h e  la& of a h e i g h t  d i s t r i b u t i o n  func- 
t i o n ,  no abso lu te  c a l q u l a t i a n  i s  p o s s i b l e .  Nevertheless ,  w e  
can use our  tables t~ get, &pforpatiOn about t h e  f l u c t u a t i o n s  
which are t o  be  expected, 
T o  t h i s  purpose 
the  equat ions  t o  geq 
we; eliminate t h e  unknown parameter p f r o m  
- 
L e t  us f i r s t  congider staiplesq aeeel SS 304,  B y  chqming  as 
our  p o i n t  of r e fe rence  1.1 
B = 10 rn (as deterrnfped hy $rQd) we f i n d  




cover a range 
A /  4 
c 
XI, As t h e  meagpreqepts 
1600 kN/m2 (CQrregiponding 
t o  6=0,2) and 30000kN/m2 (corresponding approximately t o  
6 = 0 , 4 ) ,  t h e  f l u c t u a t i o n  enhancement f a c t o r s  are b ig .  (Fig.  4b) 
S imi l a r  cons idera t ions  apply t o  aluminium T6.  Now tak ing  
for  r e fe rence  hc = 3.104W/m20C, p , =  1Q4&N/rn2 and B = 6 , 1 0 - 5 m  
we f i n d  6 = 0.32. The arguments about f l u c t u a t i a n s  above re- 
main v a l i d  (Fig.  5) a 
The expected scatter of t h e  d a t a . p o i n t s  cansa t  be seen 
i n  the  f i g u r e s  as t h e  p o i n t s  are t h e  r e s u l t s  of  ong s i n g l e  
experiment. Repet i t ion  of  t h e  measurements with o t h e r  tes t  
probes with i d e n t i c a l  su r f ace  f i n i s h  would b r i n g  them i n t o  
the p i c t u r e .  
W e  conclude t h i s  s e c t i o n  wigh -examples of measurements 
w i t h  aluminium T4 .  
T e s t  probes 1 9  and 2 0  of Fr ied  I1 [ 4 3  have a very f i n e  
su r face  with a r m s  roughness of  on ly  0 .2  vm. The d a t a  from two 
d i f f e r e n t  series of  measurements wi th  the  same probes are shown 
i n  Fig.  6 .  A t  l o w  p re s su res  (100 - 200 p s i ) ,  t h e  values  of 
con tac t  conductance obta ined  d i f f e r  by a f a c t o r  of 4 .  Yhe 
curve i s  a p red ic t ion  of our  s i m p l i f i e d  theory and was CaPcu- 
l a t e d  by (IO) and deducing the  unknown parameter B f r o m  f i t t i n g  
the curve through one of t h e  d a t a  p o i n t s , , A s  alwayq happens, 
E3 t u r n s  o u t  t o  be of  t h e  r i g h t  magnitude, namely B = l13,10 M, 
Fig.  7 shows results with t es t  probes 2 1  aqd 2 2 ,  a l s o  
aluminium T 4 ,  b u t  wi th  a much coa r se r  s u r f a c e  (roughness about 
1,2 um)  e Here only one series of measurements e x i s t s  and t h e  
-4 
13 
data p o i n t s  f i t  q u i t e  w e l l  t o  our  curve,  Here again B i s  +bout 
2 I 5 ., 1Q"4m. 
Qur r e s u l t s  show t h a t  it is  exceedingly important to 
t ake  i n t o  account su r face  waviness i n  any determinat iqn of 
t h e  i n t e r f a c e  characterist ics,  I f  t h i s  is omitted t h e  theore-  
t i c a l  curves  w i l l  f i t  t h e  data n o t  too  w e l l  b u t  onEy a rough 
agreement between theory and experiment w i l l  r e s u l t ,  AS 
Bhandari has shown one can g e t  e x c e l l e n t  numerical, p red ic t ions  
of the  heat flow i f  t h e  s ta t i s t ica l  theory and t h e  $a;bles 
presented h e r e  are used c o r r e c t l y .  
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I11 LARGE SCALE ELASTIC DEFOFU'IATIONS OF IEJTERFACES 
-I ___u._II_I_^ _-.-- y_^ 
1, In t roduct ion  -.-.-.---.- 
I n  t h e  t h e o r i e s  descr ibed i n  t h e  previous chapters  l a r g e  
s c a l e  deformations of t h e  i n t e r f a c e s  have Seen neglected y) 
This i s  probably a goo6 approximation, as long a s  t h i c k  cy l in -  
de r s  of s m a l l  c ros s  s e c t i o n  are considered,  which are used i n  
p re sen t  experiments,  I n  most a p p l i c a t i o n s  one d e a l s ,  however, 
with very l a r g e  and r e l a t i v e l y  t h i n  s u r f a c e s .  These su r faces  
w i l l  undlercjo l a r g e  s c a l e  e las t ic  deformations,  which can not  
e a s i l y  be descr ibed by t h e  t h e o r i e s  d i scussed  before .  A poss ib l e  
method of inco rpora t ing  t h e s e  e f f e c t s  would be t h e  choice of 
a pressure  dependent he igh t  d i s t r i b u t i o n .  Due t o  such e f f e c t s  
one expects  s i g n i f i c a n t  d i f f e r e n c e s  between t h e  r e s u l t  obtained 
i n  s tandard  measurements of thermal j o i n t  conductance and 
a c t u a l  a p p l i c a t i o n s .  
2 
-- Phenomenoloqical I_.- Theory of Large Scale  Deformations 2) 
When two l a r g e  and t h i n  p l a t e s  are pressed toge the r  




Fig.  2 
I n  A and C there will be two macro-contact p o i n t s ,  each 
c o n s i s t i n g  of  many ( i n e l a s t i c a l l y )  deformed a s p e r i t i e s  ., T h c c , ~  
a s p e r i t i e s  are t h e  ones which a r e  measured with t h e  he lp  of 
p r o f i l e  r eade r s  and t h e  theory of con tac t  conductance d e a l s  
mainly with t h e  microscopic s i t u a t i o n  shown i n  Fig.  2 ,  A t  low 
pressures  t h e r e  w i l l  gene ra l ly  be t h r e e  such macro-contact 
3 
po in t s  f o r  any given i n t e r f a c e ,  
I f  t h e  pressure  i s  increased,  howeverp a f u r t h e r  macro- 
scopic  con tac t  po in t  w i l l  suddenly develop a t  B (Fig.  1) 
due t o  an e l a s t i c  deformation of t h e  i n t e r f a c e ,  This large 
scale deformation has n o t  been taken i n t o  account i n  any 
e x i s t i n g  theory of i n t e r f a c i a l  thermal conduct iv i ty ,  Only 
the  (mostly i n e l a s t i c )  deformations of t h e  microscopic a s p e r i -  
t ies  shown i n  Fig.  2 have been considered h i t h e r t o ,  
To estimate t h e  in f luence  of t hese  e f f e c t s  w e  shal9 
develop s e v e r a l  simple models of t h e  macroscopic f e a t u r e s  of 
t h e  con tac t .  These models w i l l  a l t e r n a t i v e l y  descr ibe  t h e  
defayma$$ons of t h i n  p l a t e s  o r  of e l a s t i c a l l y  deformed inE:inf-- 
t e l y  t h i c k  bodies.  All t h e  models used here are der ived  from 
examples contained i n  Landau-Lifschitz, Theory of E l a s t i c i t y ,  
Vol. 7. 
Consider f i r s t  a t h i n  p l a t e  ( th i ckness  d> which is  sup- 
ported a t  t h e  po in t s  A and E3 (Fig.  1) ., Ifhen t h e  pressure  p i s  
appl ied  uniformly t h e  p l a t e  w i l l  bend a s  shown i n  Pig.  3 .  
Pig.  3 
4 
Approximating t h e  two support ing macro-contacts by a 
circle of  r ad ius  R - where w e  assume t h e  p l a t e  t o  be supported 
- w e  o b t a i n  f o r  t h e  amplitude T o f  t h e  deformation 
3p(1  - a 2 )  R 4  4n T =  
16h3E 
where u is  t h e  Poisson cons t an t  and E t h e  Young modul of the 
ma te r i a l .  Thus 
We can cons ider  t h i s  t o  be an equat ion f o r  t h e  average, .  
d i s t a n c e  (R)  of macro-contact p o i n t s  a s  a func t ion  of pressure. 
T i s  a measure of  t h e  s u r f a c e  waviness. Since t h e  number.of 
con tac t  p o i n t s  N i s  p ropor t iona l  t o  Rm2 w e  have 
+1/2 
N a p  
The f l u c t u a t i o n s  of t h e  h e a t  flow are 
A 10,000 f o l d  i n c r e a s e  i n  t h e  pressure  w i l l  t h e r e f o r e  ine reasa  
t h e  "thermal r e l i a b i l i t y "  of t h e  i n t e r f a c e  only  by a f a c t o r  L G ,  
I n  t h e  l i m i t  o f  an  i n f i n i t e l y  t h i c k  p l a t e  t h e  a n a l y s i s  
proceeds s i m i l a r l y .  The f i n a l  r e s u l t  i s  
1 1 E  
R = T 7  J y -  1-0 p 
Thus t h e  f l u c t u a t i o n s  become 
Q c c ~ a p  -112 
Q 
Depending on t h e  t h i c k n e s s  of t h e  p l a t e  w e  o b t a i n  t h e r e f o r e  
d i f f e r e n t  power l a w s  (4) or  (6)  r e s p o  For samples which are 
of about  equa l  diameter and t h i c k n e s s  (as i s  t h e  case i n  
Bhandar i ' s  experiment [l]) an  i n t e r m e d i a t e  power l a w  
-1/3 - a  P Q 
can be used,  which agrees w e l l  w i t h  Bhandar i ' s  experiment ,  
The h e a t  f l o w  Q can be c a l c u l a t e d  i n  a s i m i l a r  manner, 
S ince  t h e  c o n s i d e r a t i o n s  g iven  h e r e  are on ly  q u a l i t a t i v e  ideas 
w e  sha l l  n o t  a t t empt  t o  determine numerical  c o n s t a n t s  accura-  
t e l y ,  b u t  c o n c e n t r a t e  on ly  on t h e  p r e s s u r e  dependence of t he  
h e a t  f l o w  e 
We have seen  t h a t  t h e  average d i s t a n c e  between macroscopic 
a s p e r i t i e s  i s  
R a 
n = 2 ,  m = P f o r  i n f i n i t e l y  t h i c k ,  n = 3 ,  HI = 2 for iaveraqe# 
n = 4 ,  m = 4 f o r  t h i n  p l a t e s .  The force  P on one macro-con - 
t ac t  p o i n t  i s  
F = pf/N 
( f  i s  t h e  t o t a l  i n t e r f a c e  a rea ,  PJ t h e  number sf macro--ec~ntacz 
p o i n t s ) .  This force  F w i l l  be propor t iona l  to t h e  area of t h e  
macro-contact p o i n t  ( r a d i u s  r) 
F = pf/N a r2 
The t o t a l  h e a t  flow Q through t h e  i n t e r f a c e  9,s then 
Q = N r a d p f N  
The number N of con tac t  po in t s  is  i n  .turn given by 
N = f /R2 
0 a f dp/R2 
Therefore w e  o b t a i n  f i n a l l y ,  inserting (8) 
P/2 + n/n ,r--P/n 
q = Q/f a p ( 1 4 )  
0,83 
9 " P  
This i s  very s i m i l a r  t o  t h e  l a w  suggcstccl. by T i c n  b 2 1  Pos 
t h i n  p l a t e s  (m = 4 ,  n = 4) w e  ob ta in ,  l a o w c ~ ~ c ~ r ~  
0 - 7 5  
9 ° F  
-0 D 25 T 
Only a very weak dependence on t h e  waviness of tl-rc szzrfa.c@ 
descr ibed by T r e s u l t s  i n  t h i s  ease. 
8 
3. Conclusion 
The approach suggested here promises to be a successful 
6001 for the predictions of the thermal joint conductance in 
actual engineering applications. To supplement it we should 
like to suggest the (commercial) development of a measuring 
device fo r  thermal joint conductance along the following 
lines (Fig. 4) * 
permanent 
a) Standard device b) New device 
for the measurement of 
interfacial thermal conductivity. 
Fiq. 4 
9 
I n  a s tandard  apparatus  (F ig ,  4a) for t h e  measurement 
of t h e  thermal j o i n t  conductance t h i c k  samples a r e  used, The 
thermo-couples f o r  t h e  determinat ion of t h e  temperature grad i -  
e n t  are appl ied  t o  t h e s e  samples. This is  a very ted ious  t a s k ,  
which has t o  be repeated f o r  each ind iv idua l  measurement, 
The new device suggested here  should be cons t ruc ted  as 
shown i n  F ig .  4b. The thermo-couples should be a t tached  t a  
two c y l i n d e r s ,  which are a permanent p a r t  of t h e  appara tus ,  
This task can, t h e r e f o r e ,  be performed with high accuracy by 
t h e  manufacturers.  
The su r faces  which are of i n t e r e s t  are t h e  glued o r  
so ldereg  i n  such a manner t o  t h e  cy l inde r s  t h a t  (a lmqst )  no 
r e s i s t a n c e  arises a t  t h e s e  i n t e r f a c e s .  (The best method f o r  
t h i s  w i l l  have t o  be determined exper imenta l ly) .  Then a number 
of samples - 3 t o  5 - i s  i n s e r t e d  between the  two su r faces  
obtained i n  t h i s  way, so t h a t  t h e  t o t a l  number of i n t e r f a c e s  
rises t o  4 - 6 ,  This inc;rea$es t h e  i n t e r f a c e  r e s i s t a n c e  and 
makes it more e a s i l y  measurable and, a t  t h e  same t i m e ,  reduces 
t h e  f l u c t u a t i o n s  g r e a t l y .  Thus one measurement is  s u f f i c i e n t  
t o  determine t h e  average thermal conductance of a s m a l l  su r f ace  
sample and no repeated measurements are necessary,  
Then t h e  theory o u t l i n e d  above is  app l i ed  i n  o rde r  .to 
a r r i v e  a t  values  f o r  t h e  resistance of' t h e  l a r g e  su r faces  
used i n  t h e  a c t u a l  aEp l i ca t ion .  
10 
W e  consider  t he  combined experi.menta1-theoretical method 
described above t o  be the  most pramisinq new development as 
far  a s  a c t u a l  engineer ing app l i ca t ions  involving i n t e r f a c i a l  
thermal I__. conduct iv i ty  are concerned. 
1% 
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CRYSTAL GROWTH AT ZERO GRRVITY COPIDITIONS 
Re F o l k ,  Re Sex1 
T h i s  r e p o r t  c o n t a i n s  a survey of t h e  t h e o r e t i c a l  l i t e r a t u r e  
on c r y s t a l  growth w i t h  s p e c i a l  emphasis on t h e  changes which 
are to he exnected when t h e  c r y s t a l  i s  grown under ze ro  g r a v i t y  
c o n d i t i o n s .  
I Nucleation 
Before a c r y s t a l  can grow f r o m  vapour, s o l u t i o n  o r  m e l t  
nuc lea t ion  must have taken place.  Homogeneous nuc lea t ion  occurs 
without  t h e  a id  of c a t a l y s i s  by other p a r t i c l e s ,  e .g .  gaseous 
i o n s p  impur i t i e s ,  suspended s o l i d s ,  e t c , ,  which are said to 
produce heterogeneous nuc lea t ion ,  W e  w i l l  consider  here  onby 
homogeneous nuc lea t ion ,  following Gerbach [ X I o  The process  of 
nuc lea t ion  i s  descr ibed  by add i t ion  o r  loss of s i n g l e  atoms 
t o  a c l u s t e r  of atoms, Co l l i s ion  between c l u s t e r s  are highly 
improbable so  t h a t  bimolecular r eac t ions  a r e  an adequate 
d e s c r i p t i o n  of t h e  k i n e t i c s ,  T o  f i n d  t h e  d i s t r i b u t i o n  of 
c l u s t e r s  of var ious s i z e  w e  have t o  so lve  t h e  following d i f f e -  
r e n t i a l  d i f f e r e n c e  equat ions:  
where t = t i m e ,  
T = temperature,  
N 1 ( T , t )  = concent ra t ion  of s i n g l e  atoms of t h e  nuc lea t ing  
component 
I.Jm(N1 , T , t )  = concent ra t ion  of c l u s t e r s  conta in ing  M atoms, 
2 
orm(NIT) = r e a c t i o n  ra te  cons tan t  f o r  growth of a c l u s t e r  
from s i z e  m t o  m-El ,  
B , ( T )  = r e a c t i o n  r a t e  cons t an t  f o r  decay of a c l u s t e r  
from s i z e  m t o  m-1 
Q(t) = rate of a d d i t i o n  of s i n g l e  atoms to t h e  system. 
I t  may be shown t h a t  t h e  am are p ropor t iona l  t o  NI i f  t h e  
nuc lea t ing  phase i s  a d i l u t e  s o l u t i o n  or i s  a gas. On the 
o t h e r  hand the  growth ra te  cons tan ts  are independent of NQ 
f o r  nuc lea t ion  of a phase from a pure l i q u i d ,  We are i n t e r e s t e d  
i n  t h e  ra te  of nuc lea t ion ,  which is  de f ine8  as t h e  n e t  r a t e  
a t  which c r i t i ca l  n u c l e i  grow t o  t h e  next  l a r g e r  s i z e .  The 
c r i t i c a l  nucleus i s  def ined  as t h e  c l u s t e r  of such a s i z e  
t h a t  t h e  Gibbs f r e e  energy of formation, A G ,  has a maximumB 
From [ 2 ]  
AG = 4 r r 2  4 r r 3  3 + -  r 
?= 4 where r = r a d i u s  of c l u s t e r  with m atoms, 
R = volume of atom, 
AGv = Gibbs f r e e  energy d i f f e r e n c e  p e r  u n i t  volume, 
y = s p e c i f i c  i n t e r f a c i a l  f r e e  energy, 
we g e t ,  U P G ~  maximizing with r e spec t  t o  r or m, t h e  f r e e  energy 
of formation of a c r i t i c a l  nucleus a t  rest, 
3 
To f i n d  t h e  rate of nuc lea t ion  w e  assi.m~e s t eady  s ta te  
cond i t ions  ( a f t e r  s u f f i c i e n t  t i m e )  i n  which the  n e t  rate of 
growth of  c l u s t e r s  of one s i z e  t o  t h e  next larger s i z e  i s  
the  same for c l u s t e r s  of a19 s i z e s  up to and in.c%uding t h e  
critical. c l u s t e r  s i z e ,  The ne% rate of growth of c l u s t e r s  of 
s i z e  m t o  m + l  may be denoted by Im so t h a t  
for a l l  m - c a t  s t eady  s ta te  cond i t ions ,  
A t  dynamical equ i l ib r ium (Im = 0 )  w e  have 
e a N: m-l - = -  
1-2 assume t h a t  s m a l l  dev,ations of  t h e  am*” and am s from 
t h e i r  equ i l ib r ium va lues  may be neglec ted  such t h a t  we may 
w r i t e  
Solving t h i s  equat ion  (5) g ives  t h e  e x a c t  s t eady  s ta te  s o l u t i o n  
of our  problem, which i s  
4 
e I = ac Nc Zc  I 
where Z c  i s  c a l l e d  the n o n e q u i l i b r i w  f a c t o r ,  
Zc can only be evaluated i n  some s p e c i a l  cases. F i r s t  w e  
consider  t h e  case B m  > >  em+% for m = c p  which i s  c a l l e d  the 
case of r a p i d l y  inc reas ing  s t a b i l i t y  nuc lea t ion ,  Then w e  g e t  
from ( 6 )  
e 1 = ac Nc 
Equation ( 7 )  states t h a t  t h e  s teady  s t a t e  nue lea t ion  rate f o r  
t h e  case of r a p i d l y  inc reas ing  s t a b i l i t y  equals  t he  rate of 
growth of t h e  pseudoequilibrium concen%ration of c r i t i ca l  
n u c l e i ,  I n s e r t i n g  i n  ( 7 )  f o r  a 
g e t  t h e  nuc lea t ion  rate der ived by V o l m e r  and Weber. When w e  
se t  
and N&c w e  w i l l  see t h a t  w e  C 
-AGc/kT 
N: = N~ e 
a = A c u  e 
where Ac = cross s e c t i o n  of t h e  c r i t i ca l  nuc leusp  
w = frequency f a c t o r  of impingement, 
( 7 )  becomes [ 2 1  
5 
From t h i s  it fol%sws t h a t  i n  t h e  case of r ap id ly  inc reas ing  
s t a b i l i t y  nuc lea t ion  there e x i s t s  dynamical. equihfbrium bet-  
ween t h e  c r i t i ca l  n u c l e i  and t h e  smaller nuclei, It is  seen 
t h a t  Zc desc r ibes  t he  dev ia t ion  from dynamical equi l ibr i lun,  
In t h e  second case we assume am 4, f3,,p .Cor m 4, c which 
i s  c a l l e d  slow%y inc reas ing  stability nuc%@a%ian, By evaluating 
Z c  under these assumptions, w e  ge$ an apprax%mate equat ion for 
> 
t h e  nuc lea t ion  ra te  
d2 AGm 
1 m=c 
1 where w = - - 
dm' 
I n s e r t i n g  for AGm gives  
and 
which i s  the nonequilibrium f a c t o r  der ived  by Beckex and 
D"ding, T h e  nuc lea t ion  rate becomes E21 
The phys ica l  s i g n i f i c a n c e  of r a p i d l y  or slowly inc reas ing  
s t a b i l i t y  nuc lea t ion  is  seen by combining. ( 4 )  with 
where AG,, is t h e  GibSs f r e e  energy of formation of a c l u s t e r  
of m atoms. 
I t  i s  found t h a t  r ap id ly  inc reas ing  s t a b i l i t y  nuc lea t ion  
occurs i n  t h e  nuc lea t ion  of small c r i t i c a l  n u c l e i  a t  low 
temperatures,  whereas t h e  slowly inc reas ing  s t a b i l i t y  nuclea- 
t i o n  w i l l  involve larger c r i t i ca l  n u c l e i  a t  h igher  temperatures.  
The process  of c l u s t e r i n g  i t s e l f  i s  descr ibed  by t h e  phenomeno- 
l o g i c a l  cons t an t s  01 Severa l  physical s i t u a t i o n s  may be 
descr ibed  by formulae (61 ,  (7 )  or ( 1% e For i n s t ance  l e t  
m" 
and 
where AGd is the  f r e e  energy of ac t iva t ion  for a s u r f a c e  
d i f f u s i o n  jump. 
We g e t  an expression of  t he  form t h a t  has been der ived  
by WaPton [ 3 1  fo r  the heterogeneous aaue~~eat ion  of atoms on 
a surface: 
8 
W e  will b r i e f l y  sketch the mode1-s of crystal growth con- 
s ide red  here .  The simp.$est situat-..ion is  given by an ideal 
rough surface where atoms are adcledl singly, A p e r f e c t  s i n g u l a r  
su r f ace  whfeh has nm preferred gro.-~a-kh sites n e e d s  t w o  
dimensional, n u c i s a t i o n  f a r  growbng On an imperfect  s i n g u l a r  
t reat  here crystal gxowth from s s % u t i m  and only g ive  s h o r t  
hints -- where there are differences from ~ ~ ~ w % h  of c r y s t a l s  
from v a p o u  or melt [ 5 ] *  
i 
E 
of the  free energy A @  between the two phases. E t  i s  a function 
of supersaturation in the rdse  o f  growing from vapour o r  
s o l u t i o n  and t ~ ~ p ~ ~ ~ ~ ~ . ~ ~  di fferenec t o  t h e  melting temperature 
i n  the case of growing f r ~ m  melt4 
where i = number of i o n s  forme6 farom one molecule of s o l u t e ,  
u = supe r sa tu ra t ion ;  actual concent ra t ion  (or vapour 
pressure)  dev ia ted  ky the equilibrium concent ra t ion  
(pressure) 
9 
% n , t h e  case of m e l t  growth 
AG E L - TAS 
which becomes 
where L = l a t e n t  heat, 
1 = melt ing temperature, Tm 
As = change of: entropy. 
The f r e e  energy of a par t ic le  can be represented  by a 
d i s t r i b u t i o n  like Figs 1 
i s  the a c t i v a t i o n  free energy f a r  leaving t h e  s u r f a c e ,  AGdeads 
and AGiinlc is  the  activation free energy f o r  e n t e r i n g  t h e  kink 
d i r e c t l y  EXWITI so4butfe11, 
It is  now assumed that t h e  process  determining the  growth 
rate i s  the  ~ ~ t ~ ~ ~ a ~ ~ o ~  of a gx w%h u n i t  i n t o  the  k ink  and 
n o t  diffusion i n  the s ~ l ~ ~ i o ~ ~  This  can be obtained by growth 
i n  a. p e r f e c t l y  st irred sobution, Diffusion c o n t r o l l e d  grawth 
will be d iscussed  la te ron ,  
The v e l o c i t y  R of the growing i n t e r f a c e  i s  determined 
in t h i s  case by t h e  net exchange 9 from s o l u t i o n  to c r y s t a l  
and t h e  in te rmolecular  spacing a ,  
R - Q a  (15 )  
The exchange rate (the f l u x  per second through an area A 2 )  
may be w r i t t e n  
If w e  i n s e r t  t he  arefation 
w e  ge t  
AG - -  - A G  kink 
1 kT n = a r  kT e I 1  - e 
I n  c r y s t a l  growth frum m e l t ,  it is assumed t h a t  the f r e e  
energy for e n t e r i n g  a growth s i te  A G t k f n k  i s  no t  much d i f f e -  
r e n t  from t h e  free energy for  making a d i f f u s i o n  jump i n  t h e  
m e l t ,  and t h a t  t h e  exponent ia l  f a c t o r  may be  expressed by the  
d i f f u s i o n  cons tan t .  I n  the  s o l i d i f i c a t i o n  process from 
s o l u t i o n  t h i s  assumption i s  c e r t a i n l y  n o t  v a l i d  because 
desolva t ion  processes  may be requi red  be fo re  the i n t e g r a t i o n  
can take p lace .  
2)  Two dimensional nuc lea t ion  qrowth [4.,2,61 
On a p e r f e c t l y  s i n g u l a r  su r face  growth u n i t s  coming o u t  
of the  s o l u t i o n  (vapour o r  m e l t )  do n o t  f i n d  any p lace  of 
s u f f i c i e n t  a t t r a c t i o n .  I f  there are two dimensional n u c l e i  
on t h e  su r face  the i r  ledges act  as growth s i tes  f o r  molecules 
which are absorbed on the  su r face  and d i f f u s e  i n  t h e  absorp t ion  
l a y e r  o r  which e n t e r  t h e  ledge d i r e c t l y  f r o m  t h e  s o l u t i o n ,  
A s  t h e  cons idera t ions  of Bennema 673, which are discussed 
la te r ,  show, su r face  d i f f u s i o n  can p lay  an e s s e n t i a l  role  i n  
c r y s t a l  growth from s o l u t i o n  
The rate of growth i s  deduced from t h e  nuc lea t ion  rate 
I and t h e  growth of t h e s e  t w o  dimensional n u c l e i .  We have t o  
d i s t i n g u i s h  between t w o  cases, I n  %he f i r s t  case t h e  nuc lea t ion  
rate is  growth l i m i t i n q ,  That means the t i m e  between t w o  
consecut ive nuc lea t ions  on the c r y s t a l  s u r f a c e  i s  much l a r g e r  
than t h e  t i m e  requi red  t o  cover a l l  the  s u r f a c e ,  Then the  
growth v e l o c i t y  i s  given by 
R = % I  
where R is  t h e  he igh t  o f  t h e  nucleus,  
I n  t h e  o t h e r  ease t h e  growth rate of t h e  n u c l e i  i s  the 
growth v e l o c i t y  determining p a r t ,  T h e  growth rate can be 
eva lua ted  by consider ing t h e  area which i s  coveied by t h e  
n u c l e i  as func t ion  of t i m e .  T h i s  a r ea  is  propor t iona l  to the 
t h i r d  power of t i m e ,  An approximation neg lec t ing  overlapping 
and the  f a c t  t h a t  new n u c l e i  s tart  i n  t h e  t i m e  the  new l a y e r  
i s  covered g ives  t h e  formula 
where ]sN is  t h e  growth rate of a nucleus,  
The problem l e f t  now is  t o  c a l c u l a t e  t he  nuc lea t ion  ra te ,  
b u t  w e  have considered t h i s  problem i n  t h e  f i r s t  p a r t ,  W e  
take t h e  formula of Volmer Weber (10) because it is  assumed 
t h a t  there are only s m a l l  nuc le i  on t h e  su r face  requi red  and 
t h e  temperatures a r e  n o t  t oo  high,  
e J = A w Nc 
C 
where NS are t h e  number of 
a 
sites f o r  n u c l e i ,  
so that 
2nrc11Q - - kT I = rJs e 
x2 
The same considerations as in part I give 
rc = y/AG 
A G ~  = -ITQ~~/AG 
With this we get the two growth rates 
a 11y2 AG kT 
- -  - -  
AGkT 
I AGiink  
l e  l - e  
2aNsy Q 2  
kT e kT { AG R = R I =  4x2 
where we have inserted for E$J the formula (18) 
Because of the smallness of the nuclei involved (they 
may not be larger than 3 atoms) it is troublesome to use the 
macroscopic surface energy to compute the free energy of 
formation, Therefore it is desirable to obtain an expression 
fo r  the nucleation rate which avoids those macroscopic quan- 
tities, This has been done by Walton [ 3 ] .  He calculated the 
e q u i l i b r i u m  c l u s t e r  concen t r a t ion  by minimizing the  p a r t i t i o n  
f u n c t i o n ,  T h e  s i z e  of t h e  c r i t i c a l  c l u s t e r  must be eva lua ted  
by a t r i a l  and error a n a l y s i s  which i s  p o s s i b l e  because of 
t h e  s m a l l  number of atoms involved.  Using formula ( 7 )  w i t h  
where Ac = cross s e c t i o n  of c r i t i c a l  nuc leus ,  
Q' = ra te  of a b s o r p t i o n  of molecules a t  t h e  s u r f a c e ,  A 
AGdeads 
AGsdiff  
s = mean spac ing  between two sites for n u c l e a t i o n  
= energy of abso rp t ion  on t h e  s u r f a c e ,  
= energy of s u r f a c e  d i f f u s i o n ,  
gives the  n u c l e a t i o n  ra te ,  
- P Q ' S ~ ] ~  e'c"Gdeads C AEc)/kT 
Nc - -g2 (T 
where v i s  t h e  v i b r a t i a n  frequency kT/h ,  
AEc =: energy af formation of a c r i t i c a l  c l u s t e r .  
Q 8  can be c a l c u l a t e d  i n  t h e  same way as & I  g i v i n g  
AG - "deads -I_ 
I 1  - e kT I IcT e kT Q' = _. h 
I n s e r t i n g  a l l  t h e s e  q u a n t i t i e s  i n t o  formulae ( 1 9 )  or (209 
g ives  t h e  two l i n e a r  growth rates,, 
In t h e  f i r s t  case 
and i n  t h e  second case 
39 Surface d i f f u s i o n  model of Burton e t  a l  181,  [ 7 1  
A t  low supe r sa tu ra t ions  t h e  p r o b a b i l i t y  f o r  t w o  dimensional 
nuc lea t ion  i s  very Pow. Therefore t h e r e  . .  must be o t h e r  sources  
f o r  c r y s t a l  growth observed a t  t h i s  l o w  supe r sa tu ra t ions ,  
Thermal f l u c t u a t i o n s  produce i n  a low index plane no s t e p s  un- 
less i t s  temperature i s  c l o s e  t o  t h e  melt ing po in t ,  S t eps  
the re fo re  cannot account f o r  c r y s t a l  growth from s o l u t i o n  i n  
t h e  case considered,  Burton e t  a l .  proposed t h a t  screw d i s -  
l oca t ions  act  as s i n k s  f o r  growth u n i t s  and t h e  growth proceeds 
by r o t a t i o n  of t h e s e  screw d i s l o c a t i o n s .  
The theory of  t h i s  mechanism was o r i g i n a l l y  developed by 
Burton e t  a l .  C81 f o r  c r y s t a l  growth from vapour. Bennema 179 
showed t h a t  t h e  s p i r a l  growth by su r face  d i f f u s i o n  is  important  
a l s o  i n  s o l i d i f i c a t i o n  from s o l u t i o n .  This can be seen by t h e  
following arguments. 
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I n  p r i n c i p a l  t h e  growth uni% can e n t e r  d i r e c t l y  from %he 
bulk of  t h e  s o l u t i o n  i n t o  t h e  kinks of  t h e  s t e p s  of  t h e  s p i r a l s  
( t h i s  is assumed i n  t h e  volume d i f f u s i o n  qodel discussed i n  
t h e  next  s e c t i o n )  or it can f i r s t  e n t e r  t h e  su r face  phase o r  
absorpt ion Payer and then d i f f u s e  along t h e  su r face  and poss ib ly  
along t h e  steep to t h e  kinks.  Fig. 2 shows t h e  f r e e  ene rg ie s  
of" a l l  t h e  processes  mentioned, 
s o l u t i o n  
kink 
F i q ,  2 
= a c t i v a t i o n  energy f o r  leav ing  t h e  su r face  Payer, 
= dehydration energy f o r  e n t e r i n g  t h e  su r face  l a y e r ,  
0- a c t i v a t i o n  energy for making a d i f f u s i o n  jump, 
= a c t i v a t i o n  energy f o r  e n t e r i n g  t h e  kink. 
AGdeads 
"deh 
AGdi f f  
AGkink 
Fig, P shows t h e  case of t h e  volume d i f f u s i o n  model. 
I t  is  now highly  probable t h a t  t h e  i n t e g r a t i o n  process  
of growth u n i t s  d i r e c t l y  from s o l u t i o n  i n t o  t h e  kinks i s  a 
more complicated process  than e n t e r i n g  t h e  absorpt ion l a y e r l  
because t h e  growth u n i t  must be desolvated more completely 
i n  t h e  f i r s t  case  and: t h e  growth u n i t  must be i n  a h igh ly  
ordered s ta te  for t h e  i n t e g r a t i o n  process .  From t h i s  it can 
be seen, by comparing t h e  growth r a t e  p red ic t ed  by t h e  volume 
d i f f u s i o n  model with t h e  su r face  d i f f u s i o n  model, t h a t ,  f o r  
t h e  range of  supe r sa tu ra t ion  considered, t h e  su r face  d i f f u s i o n  
model. g ives  t h e  f a s t e r  growth ra te ,  Because of  t h e  assumption 
which seems a reasonable q u a l i t y  of that “de ads > A G s d i f f ‘  
t h e  absorpt ion l a y e r ,  it may be poss ib l e  t h a t ,  although t h e  
d i f f u s i o n  i n  t h e  su r face  l a y e r  i s  much slower than i n  t h e  
bulk s o l u t i o n ,  t h e  su r face  d i f f u s i o n  mechanism gives  t h e  
f a s t e s t  growth ra te ,  The growth rate i s  found i n  t h e  following 
wayo F i r s t  t h e  growth of a s t e p  i n  which a thermal f l u c t u a t i o n  
produces kinks i s  considered,  This i s  done by so lv ing  a 
d i f f u s i o n  equat ion which connects t h e  su r face  c u r r e n t  wi th  a 
c u r r e n t  from vapour, I t  is assumed t h a t  t h e  movement of  t h e  
s t e p  can be neglected,  Then a p a r a l l e l  sequence of s t e p s  with 
d i s t ance  yo is considered,  Prom t h i s  t h e  growth of t h e  s t e p s  
of t h e  s p i r a l  can be evaluated by c a l c u l a t i n g  yo  f o r  a s p i r a l ,  
This s p i r a l  winds i t s e l f  up u n t i l  t h e  curva ture  a t  t h e  c e n t r e  
reaches t h e  value of t h e  c r i t i c a l  r ad ius  ( t h e  r ad ius  of t h e  
c r i t i c a l  nucleus a t  t h e  given s u p e r s a t u r a t i o n ) .  From a l l  t h i s  
u p  t h e  angular  v e l o c i t y  of t h e  s p i r a l ,  is  evaluated-, The growth 
rate then becomes 
E8 
wa R = -  
21T ( 3 3 )  
where a is t h e  he igh t  of t h e  s t e p  of t h e  s p i r a l .  
By i n s e r t i n g  for w I  w e  f i n a l l y  g e t  t h e  growth rate 
P R = C - - tanh - CY 
(5 
6 2  
I 
where 
( 3 4 )  
and where B i s  a f a c t o r  which t akes  i n t o  account t h a t  t h e r e  
i s  no equi l ibr ium s u r f a c e  concent ra t ion  nea r  t h e  kink so t h a t  
a P 
where u s  i s  t h e  concent ra t ion  near  t h e  k ink ,  co  is  a f a c t o r  
which t a k e s  i n t o  account t h a t  t h e  mean d i f f u s i o n  d i s t a n c e  xs 
i s  no t  much g r e a t e r  than t h e  d i s t ance  x o  between two kinks.  
= d i f f u s i o n  cons t an t  of growth i n  absorpt ion l a y e r  of a DS 
c r y s t a l  face  
n = number of: growth u n i t s  i n  t h e  su r face  l a y e r  per  u n i t  
S O  
area 
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Q = volume of a growth unit in the crystal, 
y = edge free energy of a growth unit in a step, 
E = a measure for the nuder of interacting growth spirals 
of a domination group of spirals, 
f i t  Dst c o r  x S a  nso can be expressed in terms of the energies 
AGkinkf AGsdif fp AGdeads 
particle kinetical formalism, 
AGdeh [9]1 by using Eyring's one 
4)  Volume diffusion model of Burton e t  ax, [8]1 and Chernov [ lo]  
If we assume that the flux of absorbed growth units on 
the surface layer can be neglected, the direct flux of growth 
units from solution to kink is growth determining- As was 
done in the surface diffusion model, a parallel sequence of 
equidistant steps is considered, The distance then is taken 
from a spiral, The task is to solve a diffusion equation in 
the domain shown in Fig. 3 
Y O  
Fiq. 3 
is the distance between two steps, 6 is the thickness of 
Y O  
the unstirred layer, It is assumed that in this layer no 
2 0  
convection takes place, 
The difference between the models of Burton et al. and 
Chernov lies in the assumption of Chernov that the steps are 
linear continuous sinks whereas Burton et ale take into 
account that the kinks are separated, 
Chernov obtains the following expression for  R 
Burton et ale obtain 
B X  y o  -I 2Tf h ErT % B A T  (6-yol 
19axo "OYO 0 x O  
B D N o  Q ( F )  u2[1 -I- -+ 2 ln -1 R -  E 
N = number of growth units in solution per unit volume, 
'e 
and all other quantities have the same meaning as  in (349 
0 
= concentration at the saturation point, 
It is seen that in the volume diffusion model the growth 
rate depends on the thickness of the diffusion layer 6, khich 
has to be calculated from hydrodynamics, Convection may alter 
the growth velocity. AI1 other models discussed above are in- 
sensitive to convection, It should be mentioned that the spiral 
growth mechsnism applies to crystal growth from melt a l so ,  
21 
The only d i f f e r e n c e  i s  t h a t  w e  have t o  c a l c u l a t e  a h e a t  con- 
duc t ing  problem i n s t e a d  of a d i f f u s i o n  problem, Chernov El01 
has der ived  a s imilar  expression to ( 3 5 )  f o r  t h i s  case, 
53 Di s loca t ion le s s  growth of  c r y s t a l s  [lli 
The k i n e t i c  growth mechanism i n  s e c t i o n s  3 and 4 w a s  
based on the  assumption t h a t  there are screw d i s l o c a t i o n s  
as continuous sources  of s t e p s  and thus  as s inks  f o r  growth 
si tes.  D i s t l e r  and Zvyagin quest ioned t h e  gene ra l  v a l i d i t y  
of s p i r a l  growth a t  Pow supe r sa tu ra t ion  ( o r  supercooling) 
They suppose t h a t  t h e r e  e x i s t  a c t i v e  local  c e n t e r s  wi th  a 
long range e f f e c t  on t h e  s o l i d  su r face .  These a c t i v e  c e n t e r s  
should be su r face  d e f e c t s  (vacancies i n t e r s t i t i a l  and impuri ty  
atoms possessing more f r e e  energy than the  neighboring per- 
f e c t  areas of the s u r f a c e ) .  The  screw d i s l o c a t i o n s  a r e  n o t  i n  
thermodynamical equi l ibr ium,  w h i l e  po in tde fec t s  are i n  equi -  
l ib r ium and are i n v a r i a b l y  p r e s e n t  i n  a % E  c r y s t a l s .  
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__I 111, Diffusion Control led Growth 
In  Par t  I X  we have considered! c r y s t a l  growth from so%utisn, 
where t h e  attachment k i n e t i c  i s  t h e  rate determining psxxxss, 
I t  i s  no t  s u f f i c i e n t  i n  any casep however, t o  consi.dler Q ~ ~ I Y  
t h e  molecular pmecss and n o t  t h e  t r a n s p o r t  of s o l u t e  i n  t h e  
s o l u t i o n ,  I n  genesah %he concent ra t ion  and temperature fields 
i n  t h e  s o l u t i o n  w i l l  determine t h e  uniformity o f  t h e  growth 
process .  That means t h e  shape of t h e  i n t e r f a c e  of t h e  c rys t a l  
depends on concent ra t ion  and temperature f ie lc l s ,  I n s t a b i l i t i e s ,  
such a s  d e n t r f t i c  growth, c e l l  formation, segrega t ion  ani? 
inc lus ion  of  mother l i q u i d  can occur when certain c ~ n d i t i ~ n s  
a r e  f u l f i l l e d ,  
1) Growth rate -Io_ [ I 2 1  
A simple s o l u t e  balance,  neglec t ing  s o l u t e  capture  by the 
advancing s u r f a c e p  g ives  t h e  l i n e a r  growth rate on a p lane  
i n t e r f a c e  
where p = dens i ty  of t h e  s o l i d ,  
D = d i f f u s i o n  cons t an t ,  
‘s) x=Q = concent ra t ion  g r a d i e n t  normal t o  t h e  i n t e r f z c e  ac 
evaluated a t  t h e  i n t e r f a c e .  
2 3  
I n  c r y s t a l  growth f r o m  a supercooled m e l t  i n s t e a d  of a 
s o l u t e  balance w e  have t o  make an heat balance which leads t o  
where s ,  L = i nd ices  f o r  so l id  r e sp .  l i q u i d ,  
I< = thernal c o n d u c t i v i t i e s  
L = l a t e n t  heat,  
a T  = temperature g rad ien t .  (E2 
The concent ra t ion  g r a d i e n t  can now be expressed by 
where Cs = concent ra t ion  a t  t h e  source ,  
Cr = concent ra t ion  a t  i n t e r f a c e ,  
R = d i s t ance  Prom source.  
I f  there is  now s t i r r i n g  o r  convection the  concent ra t ion  
g rad ien t  i n  t h e  s o l u t i o n  i s  reduced and the  d r i v i n g  f o r c e  i s  
only the concent ra t ion  g r a d i e n t  i n  t h e  stipgnant l a y e r  of 
th ickness  6 before  the  i n t e r f a c e ,  Then 
ac - cs - cI 
(E? x=o 6 
and 
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In  genera l  C equals  n o t  t h e  equi l ibr ium concent ra t ion  r 
a t  t h e  given temperature b u t  is  something h igher  so t h a t  t h e  
molecular k i n e t i c  process  is d r iven ,  
We express  t h e  l i n e a r  growth ra tep a f t e r  Brice 1 4 1  by 
where Ce is  t h e  equi l ibr ium concent ra t ion ,  and t h e  cons t an t s  
A and n depend on t h e  growth mechanism. They can be obta ined  
from p a r t  II by i n s e r t i n g  f o r  AG and eva lua t ing  t h e  express ions ,  
neg lec t ing  t e r m s  of t h e  o rde r  20- ' Only i n  t h e  case of t h e  
su r face  nuc lea t ion  mechanism is  A a l s o  a func t ion  of CI - Ce' 
21 The s t a b i l i t y  of a p l ana r  i n t e r f a c e  
The v e l o c i t y  of  t h e  c r y s t a l  i n t e r f a c e  depends on t h e  
d i f f u s i o n  f i e l d  i n  s o l u t i o n  growth or t h e  temperature f i e l d  
i n  m e l t  growth. T i l l  now w e  have s t u d i e d  only  t h e  growth of 
p lanar  i n t e r f a c e s ,  b u t  t h e r e  may be pe r tu rba t ions  l i k e  bumps 
o r  depress ions ,  These bumps are thought t o  be t h e  o r i g i n  of 
d e n t r i t e s ,  The theory of t h e  s t a b i l i t y  of a p l ana r  i n t e r f a c e  
( o r  s p h e r i c a l  p a r t i c l e ,  c y l i n d e r ,  parabola  etc.)  i n v e s t i g a t e s  
t h e  growth o r  d i s s o l u t i o n  of such p e r t u r b a t i o n s ,  
A f i r s t  criterium f o r  s t a b i l i t y  was given by Mullins and 
Sekerka [ 1 3 1 0  Thcx analyzed t h e  growth of a p a r t i c l e  from 
s o l u t i o n  oar m e l t ,  By so lv ing  t h e  Laplace equat ion under t h e  
growth determining boundary values  they found t h a t  on ly  
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part%cIes up t o  a c r i t i c a l  s i z e  grow w i t h  s table shapes. But 
x - x m  many s impl i fy ing  assumptions have been made. Only the  
effect  of t h e  su r face  f r e e  energy on t h e  boundary condi t ion ,  
w r ~ P c k  is a s t a b i l i z i n g  e f f e c t ,  has  been introduced.  I n  t h i s  
ease the i n t e r f a c e  concentrat ion becomes 
'YQ - is  t h e  c a p i l l a r y  cons tan t ,  kT 
su r face  f r e e  energy, 
molar volume, 
curva ture  of the  per turba ted  s u r f a c e ,  
C = equi l ibr ium concent ra t ion ,  
0 
Pf there is su r face  d i f f u s i o n ,  a s  considered by C o r i e l l  and 
Parker [ 1 4  1 t h e  same s t a b i l i z i n g  e f f e c t  as before  (curva ture)  
dr ives  the  su r face  flow from a bump t o  a f l a t  region on the  
s u r f a c e ,  T h i s  makes t h e  o r i g i n a l  shape more stable.  The 
surface flux i s  r e l a t e d  t o  the  curva ture  by 
where Ds = su r face  d i f f u s i o n  cons tan t .  
Another e f f e c t i v e  shape s t a b i l i z e r  is  i n t e r f a c e  k i n e t i c s ,  
For a Larag t i m e  it w a s  assumed t h a t  a t  t h e  i n t e r f a c e  w e  have 
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l o c a l  equi l ibr ium (41) As mentioned 
devia t ion  from t h e  equi l ibr ium value 
i n  p a r t  111 1) t h e  
d r i v e s  t h e  molecular 
k i n e t i c  process .  I n t e r f a c e  k i n e t i c s  becomes important i f  t he  
k i n e t i c  c o e f f i c i e n t  A i s  very l o w .  This is  clear because then 
t h e  i n t e g r a t i o n  process  i s  “the slowest p a r t  i n  t h e  whole 
crystal growth process  Connecting (37)  and (40) w i t h  t he  
boundary condi t ion  shows t h a t  s luggish  k i n e t i c s  can enhanee 
s t a b i l i t y  115,  161, 
Recently B r i c e  Cl71 has discussed another  c r i t e r i o n  for 
s t a b i l i t y  of a c r y s t a l  i n t e r f a c e  during growth. He uses t h e  
c r i t e r i o n  t h a t  t h e  g rad ien t  of t h e  growth rate a t  t h e  i n t e r -  
face  s h a l l  be negat ive  so t h a t  a bump grows more slowly and 
a depression more r a p i d l y  than t h e  rest  of t h e  i n t e r f a c e ,  
That means 
From t h i s  a s t a b i l i t y  c r i t e r i o n  can e a s i l y  be der ived f o r  
s o l u t i o n ,  m e l t  and vapolar growth by i n s e r t i n g  for R. I n  a l l  
t hese  s t a b i l i t y  c r i te r ia  many uncer ta in  material parameter 
are involved and only i n s u f f i c i e n t  d a t a  a r e  a v a i l a b l e  t o  t e s t  
t h e  r e l a t i o n s  thouroughly. Another important f a c t o r  inf%ueneiag 
s t a b i l i t y  has been neglected till now. This is  t h e  inf luence  
of convective flow. 
27 
D_ 3 )  Convection i n  c r y s t a l  qrowth 
I n  c r y s t a l  growth from an qqueous s o l u t i o n ,  convection 
inc reases  the  ra te  of  s o l u t e  t r anspor t ed  t o  t h e  growing c r y s t a l  
and so inc reases  t h e  growth v e l o c i t y .  Moreover, i n  s t agnan t  
s o l u t i o n s  imperfect  f ace  development may be caused by t h e  
e f f e c t  of  exhaustion of  supe r sa tu ra t ion  and development of 
s t a r v a t i o n  cond i t ions ,  Depressions overgrowth and so inc lus ion  
of mother l i q u o r  may occur ,  But a l s o  i n  s t i r r e d  s o l u t i o n s  
occ lus ion  of  mother l i q u o r  occurs  [181 .  This i s  explained by 
t h e  formation of i n s t a b i l i t i e s  o f  t h e  f l a t  c r y s t a l  face. I f  
t h e  supe r sa tu ra t ion  exceeds a c r i t i c a l  l i m i t  appropr ia te  t o  
t h e  p a r t i c u l a r  f a c e t a g i t a t i o n  (convection) and temperature,  
it is  thought t h a t  v a r i a t i o n s  i n  concent ra t ions  cause the f l a t  
i n t e r f a c e  t o  break down. By overgrowth of such i n s t a b i l i t i e s  
mother l i q u o r  is  included i n  the  c r y s t a l .  
I n  c r y s t a l  gSowth from m e l t ,  impuri ty  (dopant) inhomo- 
g e n i t i e s  can be observed [19, 201 .  These inhomogenieies i n  
the  form of s t r i a t i o n s  perpendicular  t o  t h e  growth d i r e c t i o n  
are caused by chgnges i n  the  growth rate,  which i n  t u r n  are 
caused by temperature f l u c t u a t i o n s  i n  the m e l t  [ 2 1  - 231, 
I n s t a b i l i t y  of t h e  l i q u i d  due t o  n a t u r a l  convection i s  thought 
to be cause of t h e s e  f l u c t u a t i o n s .  Theory has  t o  p r e d i c t  t h e  
onse t  of  t h i s  i n s t a b i l i t y  i n  systems which are appropr i a t e  eo 
t h e  growth system, Systems f o r  which a t t e n t i o n  must be pa id  
t o  convective i n s t a b i l i t y  arise, f o r  i n s t ance ,  i n  t h e  Czochralsgi 
! 
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or i n  t h e  f l o a t i n g  zone techniques.  
a)  Natura l  qonvection induced by g r a v i t x  
A w e l l  known phenomenon is t h e  onse t  of n a t u r a l  con- 
vecsiun i n  l i q u i d  l a y e r s  heated from below. Such a configura- 
t i o n  i s  i n s t a b l e  a g a i n s t  l i t t l e  d is turbances  i n  t he  f l u i d  
ve loc i ty .  Af t e r  a c r i t i ca l  value of the  temperature g r a d i e n t  
i s  exceeded t h e  h o t t e r  l i q u i d  begins t o  rise and "he co lde r  
begins t o  s i n k ,  A c e l l u l a r  p a t t e r n  can be observed i n  the  
f l u i d .  Consider a h o r i z o n t a l  i n f i n i t e l y  extended system bet- 
ween t w o  boundaries [ 2 4 1 .  The c r i t i c a l  Rayleigh parameter 
fo r  t h i s  system i s  c a l c u l a t e d  i n  t h e  fof lswing way: 
The con t inu i ty ,  impulse.and energy equat ions are l i n e a r i z e d  
in t h e  v e l o c i t y  and temperature d is turbance  Buoyancy e f f e c t s  
are taken i n t o  account i n  t h e  fo rce  t e r m  only by s e t t i n g  
63 = p , ( l  - BGz), where B = volume expansion c o e f f i c i e n t ,  
G = temperature g r a d i e n t  i n  t h e  undis turbed system. 
Separat ion of v a r i a b l e s  l ead  t o  a system of  d i f f e r e n t i a l  
equat ions whose s o l u t i o n s  must be s p e c i f i e d  by boundary con- 
d i t i o n s ,  There may be t w o  f r e e ,  t w o  r i g i d  ear one r i g i d  and 
one f r e e  boundaries,  They may have zero,  f i n i t e  o r  i n f i n i t e  
conduct iv i ty .  A system of a l g e b r a i c  equat ions f o r  t h e  c o e f f i -  
c i e n t s  of  t h e  l i n e a r  independent s o l u t i o n  i s  then obta ined ,  
The determinant of  t h e  system has t o  be zero  and so t h e  
Wayleigh parameter is  obtained as a func t ion  of t h e  wavelength 
of d is turbance  and t h e  thermal boundary condi t ion ,  
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The Rayleigh parameter i s  def ined as 
- qBATL3 
Ra - av (44) 
where g = g r a v i t y  a c c e l e r a t i o n ,  
AT = temperature d i f f e rence  
L = c h a r a c t e r i s t i c  length  o f  the  systemp 
cx. = thermal  d i f f u s i v i t y ,  
v = v i s c o s i t y .  
T'he c r i t i ca l  Rayleigh parameter i s  the  minimum of a l l  para- 
meters f o r  t h e  var ious  wavelengths. T a b l e  1 g ives  the  c r i t i ca l  
parameters f o r  some cases 
' ~ 0 t h  f r e e  [201 
i 
Moth r i g i d  1201 
jJ 
j One r i g i d ,  one free 201 
I 657e5 
I 170708 isothermal 
f i n i t e  
conduct iv i ty  
Table 1 
We see t h a t  f i n i t e  conduct iv i ty  enhances i n s t a b i l i t y .  Another 
important effect  on s t a b i l i t y  is  produced by r o t a t i o n  of t h e  
system ( i n  t he  Csochralski  method f o r  i n s t a n c e ) .  The same 
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procedure as above g ives  the c r i t i ca l  Rayieiqh parameter as 
a feanetigsn of t he  Taylor number T 
where 12 =: angular  ve loc i ty . ,  
A” n e w  and very important f e a t u r e  of  the  problem arises 
because of t h e  p o s s i b i l i t y  of t h e  onse t  of n a t u r a l  convection 
as o v e r s t a b i l i t y .  Tha t  means t h e  f l u i d  motion sets i n  as 
pe r iod ic  o s c i l l a t i o n s .  These o s c i l l a t i o n s  produce t h e  s t r i a -  
t i o n s  i n  t he  crystal .  1261, 
It can be seen t h a t  the  c r i t i ca l  parameter f o r  t h e  o n s e t  
of o v e r s t a b i l i t y  i s  always less than  t h a t  for s t a t i o n a r y  eon- 
vec t ion ,  B u t  the  minimum value of the Rayleiqh number for t he  
onse t  of e i ther  of t h e  two forms of convection i s  a func t ion  
of t he  P rand t l  number and the  Taylor number. For very l o w  
%?randt$ numbers (as it i s  t h e  case f o r  metal m e l t s )  it can be 
said t h a t  there e x i s t s  a Taylor number above which convection 
sets i n  i n  the  overstabbe mode. 
The onse t  of  convection may n o t  only be induced by thermal  
b u t  also by Concentration g rad ien t s  [271.  I n  such a casep 
o v e r s t a b i l i t y  r e s u l t s  because t h e  d i f f u s i v i t y  of h e a t  i s  
usua l ly  much g r e a t e r  than the  d i f f u s i v i t y  of  s o l u t e .  For in -  
s t a b i l i t y  produced by concent ra t ion  g r a d i e n t s  alone t h e  re- 
sponsible parameter is:: 
3% 
where A 6  = concent ra t ion  
E 
d i f f e r e n c e ,  
@ = change of volume w i t h  con ten t  of s o l u t e ,  
19 = d i f f u s i o n  c o e f f i c i e n t .  
If w e  have both g rad ien t s  t h e  condi t ion  f o r  s t a b i l i t y  i s  
< %  0 
_I_ + -  Ras 
In l i qu id  metals very low concent ra t ion  g rad ien t s  may l ead  t o  
~ ~ e ~ ~ t ~ ~ i ~ ~ ~ ~ ~ ~  These very low g rad ien t s  may be produced by 
t h e  S o r e t e f f e c t  [ 2 8 % ,  as Hurle e t  a l .  have r e c e n t l y  shown. 
- b) Natural  convection -- induced by su r face  t ens ion  
Xnvestigations of f l o w  i n s t a b i l i t i e s  i n  l i q u i d  f i lms  have 
shown that there i s  onse t  of convection even when t h e  system 
slnsald be thermally s t a b l e ,  T h i s  was explained by Pearson 
[ 2 9 ] ,  w h o  analyzed t h e  s t a b i l i t y  of a l i q u i d  system as mentioned 
i n  p a r t  a) with temperature dependent su r face  t ens ion ,  Tem- 
pe ra tu re  d i f f e r e n c e s  l ead  t o  d i f f e r e n t  su r f ace  t ens ions  and 
f l u i d  flow from p a r t s  of l o w  t o  h igher  su r face  t ens ion ,  A s  
before ,  convection sets i n  when a c r i t i ca l  parameter,  t h e  
Maragoni numberr i s  exceeded. The Maragoni number i s  def ined  by 
3% 
where S = change of su r face  tens ion  w i t h  temperature,  
The same a n a l y s i s  can be done for v a r i a t i o n  of su r face  t e n s i o n  
w i t h  concent ra t ion .  Then t h e  parameter i s  
where S e  -- change of su r face  tension w i t h  temperature, 
Contrary to t h e  r e s u l t s  i n  the case of gravity dr iven  in -  
s t a b i l i t y ,  i n  this case ro%a%ion does no t  lead t o  o v e r s t a b l e  
modes of convection e383 
3 3  
Conclusion 
I n  t h e  preceding chapters  w e  have s t u d i e d  t h e  var ious  
aspec ts  of c r y s t a l  growth, F i r s t  t h e r e  i s  the  molecular 
k i n e t i c  process  i t s e l f ,  T h e  d r iv ing  fo rce  i s  t h e  supersaeux-a- 
t i o n  o r  temperature d i f f e r e n c e  from t h e  melt ing po in t  imme- 
d i a t e l y  a t  t h e  c r y s t a l  s u r f a c e ,  T h e  l a w  i s  found by c o n -  
s i d e r a t i o n  of s t a t i s t i c a l  mechanics which g ives  rates o r  
d e n s i t i e s  t h a t  are related t o  t h e  ene rg ie s  involved i n  the 
atomic process ,  T h i s  shows t h a t  there should be no e f f e c t  
of zero g r a v i t y  on the  molecular k i n e t i c  process  of c r y s t a l  
growth 
The second phase of  c r y s t a l  growth i s  the  t r a n s p o r t  of 
growth u n i t s  t o  t h e  growing su r face  through t h e  s o l u t i o n ,  
m e l t  o r  vapour, Various processes  c o n t r i b u t e  t o  the  t r a n s p o r t :  
d i f f u s i o n ,  convection and thermodiffusion,  It  w a s  shown 
before  t h a t  n a t u r a l  convection p lays  an important r o l e  in 
c r y s t a l  growth, Homogenity of a c r y s t a l ,  say  doped s e m i -  
conductors o r  laser materials, can only be reached by c o n t r o l  
of convection i n  the  m e l t .  I n  zero g r a v i t y  c r y s t a l  growtka, 
no buoyancy fo rce  can induce convection, b u t  su r f ace  tens ion  
can e 
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